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Preface

The monograph studies representation theoretic aspects of a nonabelian version
of the Jacobian for a smooth complex projective surface X introduced in [R1].
The sheaf of reductive Lie algebras g" associated to the nonabelian Jacobian is
determined and its Lie algebraic properties are explicitly related to the geometry
of configurations of points on X. In particular, it is shown that the subsheaf
of centres of G determines a distinguished decomposition of configurations into
the disjoint union of subconfigurations. Furthermore, it is shown how to use sl,-
subalgebras associated to certain nilpotent elements of G to write equations defining
configurations of X in appropriate projective spaces.

The same nilpotent elements are used to establish a relation of the nonabelian
Jacobian with such fundamental objects in the representation theory as nilpotent
orbits, Springer resolution and Springer fibres of simple Lie algebras of type A,,
for appropriate values of n. This leads to a construction of distinguished collections
of objects in the category of representations of symmetric groups as well as in the
category of perverse sheaves on the appropriate Hilbert schemes of points of X.
Hence two ways of categorifying the second Chern class of vector bundles of rank 2
on smooth projective surfaces.

We also give a “loop” version of the above construction by relating the
nonabelian Jacobian to the infinite Grassmannians of simple Lie groups of type
SL,(C), for appropriate values of n. This gives, via the geometric version of
the Satake isomorphism, a distinguished collection of irreducible representations
of the Langlands dual groups thus indicating a relation of the nonabelian Jacobian
to the Langlands duality for smooth projective surfaces.

All of the above constitutes a substantial body of evidence that our nonabelian
Jacobian provides an efficient mechanism for using the representation theory of
reductive Lie algebras/groups in a systematic way to gain insight into various
algebro-geometric properties of smooth complex projective surfaces.

Angers, France Igor Reider
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Chapter 1
Introduction

It is hard to overestimate the role of the Jacobian in the theory of smooth complex
projective curves. The celebrated theorem of Torelli says that a curve of genus > 2
is determined, up to isomorphism, by its Jacobian and its theta-divisor. Virtually all
projective geometric features of a curve can be extracted from its Jacobian. But the
Jacobian of a curve has its intrinsic importance and beauty. It is enough to recall
that it is a principally polarized abelian variety with an incredibly rich and beautiful
theory of theta-functions.

When one turns to higher dimensional projective varieties one quickly discovers
that a comparable theory does not exist. However, in the end of 1960s Griffiths
initiated a far reaching theory of Variation of Hodge structure (abbreviated in the
sequel by VHS). Some of its goals include generalizations of the Theorem of Torelli
and a study of algebraic cycles. From Griffiths’ theory emerges a substitute for the
Jacobian—Giriffiths’ period domain. This is an open subset of a certain flag variety
(factored out by the action of a certain discrete group). In particular, the theory of
VHS continues to have strong ties with the theory of Lie groups. Furthermore, a
VHS comes with the period map and Griffiths suggested to view its derivative as
a substitute for the principal polarization of the classical Jacobian (see [G] for an
overview and references therein).

In [R1] we proposed a new version of Jacobian for a smooth complex projective
surface X. We suggested to call it nonabelian Jacobian for the simple reason that it
parametrizes a distinguished family of rank 2 bundles on X . More precisely, similar
to its classical counterpart, our nonabelian Jacobian is, on the one hand, related to
the moduli stack of torsion free sheaves! on X, and, on the other hand, to the Hilbert
scheme of points on X. It also carries a distinguished divisor which can be viewed
as a nonabelian analogue of the classical theta-divisor. But a new feature of our
Jacobian is that it is also related to the Griffiths’ ideas of the VHS and period maps.

I'Sheaves are of rank 2, contrary to the classical situation of line bundles.

1. Reider, Nonabelian Jacobian of Projective Surfaces, Lecture Notes 1
in Mathematics 2072, DOI 10.1007/978-3-642-35662-9_1,
© Springer-Verlag Berlin Heidelberg 2013



2 1 Introduction

One of the consequences of this is an appearance of a sheaf of reductive Lie algebras
canonically attached to our Jacobian. This can be viewed as an analogue of the Lie
algebraic structure of the classical Jacobian. What bearing does this Lie algebraic
structure of the nonabelian Jacobian have on geometry of the underlying surface?
This is the main question explored in this work.

Our study of the sheaf of Lie algebras and its ties to geometry of the underlying
surface is naturally divided into two parts:

1. Establish a dictionary between the properties of the sheaf of reductive Lie
algebras attached to our Jacobian and geometric properties of X .

2. Use the representation theory to define interesting objects (e.g. sheaves, com-
plexes of sheaves) which can serve as new invariants of vector bundles on X as
well as invariants of the surface itself.

For the first part we are able to uncover:

(a) A precise relationship between the center of the reductive Lie algebras in
question and canonical decompositions of configurations of points on X into
disjoint union of subconfigurations.

(b) How to use particular sl,-subalgebras of our reductive Lie algebras to gain an
insight into the geometry of configurations of points on X .

For the second part we show how to use the sheaf of reductive Lie algebras
associated to our nonabelian Jacobian to attach to X:

(a) A distinguished collection of objects in the category of representations of
symmetric groups.

(b) A distinguished collection of objects in the category of perverse sheaves on the
appropriate Hilbert schemes of points on X.

(c) A distinguished collection of irreducible representations of the Langlands dual
group “SL, (C) = PGL,(C), for appropriate values of 7.

These results come from the fact that our Jacobian connects in a natural way to such
fundamental objects in geometric representation theory as the Springer resolution of
the nilpotent cone of simple Lie algebras (of type A,), Springer fibres, loop algebras
and Infinite Grassmannians.

All of the above constitutes a substantial body of evidence that the sheaf of
reductive Lie algebras naturally attached to our nonabelian Jacobian is indeed
useful for revealing various aspects of geometry of surfaces as well as constructing
invariants of the representation theoretic origin.

The ties of Hilbert schemes of points of algebraic surfaces with the representation
theory of (affine) Lie algebras have emerged in the last 15 years through the
influential works of Grojnowski and Nakajima [N]. The representation theoretic
patterns in their works emerge by putting the cohomology rings of all Hilbert
schemes together and by an explicit checking of the bracket relations of some
natural incidence cycles. Until now one has no conceptual understanding why the
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relations hold and hence, why do we obtain representation theoretic patterns on
Hilbert schemes of points of algebraic surfaces.

In our constructions the reductive Lie algebras and their representation theory
emerge naturally as an integral part of the nonabelian Jacobian. As we mentioned
above, the Jacobian is related to the Hilbert scheme of points (more details are
given below) and it could be speculated that the representation theoretic patterns
we observe on the Hilbert schemes are shadows of the representation theory on the
Jacobian. This is something for future to tell. However, what should be clear, and
this is the main message we try to pass across this work, is that the Lie algebraic
structure of our Jacobian allows one to use the representation theory of reductive
Lie algebras/reductive algebraic groups in a systematic way to gain insight into
geometry of smooth projective surfaces. Heuristically speaking, our nonabelian
Jacobian is a mechanism which reveals hidden symmetries of points of an algebraic
surface and those hidden symmetries are useful for gaining insight into various
algebro-geometric properties of smooth projective surfaces.

In the rest of this introduction, following a brief summary of [R1], we give a
more detailed account of the results of this monograph.

1.1 Nonabelian Jacobian J(X; L, d) (a Summary of [R1])

A new version of the Jacobian for smooth projective surfaces was proposed in [R1].
Our construction is based on viewing the Jacobian of a smooth projective curve as
the parameter space for line bundles with a fixed Chern class. We suggested that
for a smooth projective variety X of dimension n > 2, the Jacobian could be the
parameter space of a distinguished family of vector bundles of rank n = dimcX
with fixed Chern invariants. Using this analogy for a smooth projective surface X,
we have constructed the scheme J(X; L, d), whose closed points are pairs (€, [e]),
where £ is a torsion free sheaf of rank 2 on X with Chern invariants ¢, () = L and
c2(€) = d, where L is a suitably fixed divisor on X and d is a fixed positive integer,
and where [e] is the homothety class of a global section e of £, whose zero-locus
Z, = (e = 0) is a subscheme of codimension 2 (equivalently, dimension 0) of X.
We suggested to call J(X; L, d) a nonabelian Jacobian of X (of type (L, d)).

By definition J(X: L, d) is a scheme over the Hilbert scheme X 4], the scheme
parametrizing the subschemes Z of X having dimension zero and length d. The
natural morphism

7:J(X:L,d) — X (1.1)

sends a pair (€, [¢]) to the point [Z,] € X %] corresponding to the subscheme Z, =
(e =0)of X.
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As in the classical case, J(X; L, d), over a suitable subscheme of X4, comes
with a distinguished Cartier divisor ® (X; L, d), whose closed points parametrize
pairs (&, [e]), where the sheaf £ is not locally free. But there is also a new
phenomenon: J(X; L, d) carries a natural structure resembling a VHS a la Griffiths.
More precisely, for every point (€,[e]) € J(X;L,d), one has a distinguished
filtration on H°(Oz,)

0=Ho(E. [e]) C H-1(E le]) C... C Hoyy—1(E,[e]) = H'(Oz,), (1.2)

where the integer [, is intrinsically associated to Z,. 5
Furthermore, if (£, [e]) is in a certain constructible subset J of J(X; L, d), the
filtration (1.2) splits. By this we mean that H°(Oz,) admits a distinguished direct
sum decomposition
Iz,
H'(0z,) = @HH(E. [e]) (13)
p=0

with a natural identification

H (€, [e]) = Ho(pi1y (. [e])/H-p(E.[e]) .

for p = 0,...,Iz,. This direct sum decomposition could be thought of as some
kind of periods for the points in J. Thus our nonabelian Jacobian possesses features
of the classical Jacobian as well as a period map in the spirit of Griffiths theory of
VHS.

The decomposition (1.3) together with the obvious ring structure on H°(Oz,)
gives rise to a reductive Lie subalgebra g(s [e]) of gl(H%(Oz,)). By varying
(€, [e]) in J we obtain the sheaf g(X L,d) of reductive Lie algebras naturally
associated to J(X; L,d). This could be viewed as a generalization of the Lie
algebraic nature of the classical Jacobian.

One of the features of the sheaf G(X; L, d) is that it gives rise to a natural family
of Higgs structures in the sense of Simpson [S]. The parameter space H of this
family turns out to be a toric (singular) Fano variety whose hyperplane sections are,
in general, singular Calabi-Yau varieties. This H could be viewed as a nonabelian
(1,0)-Dolbeault variety? of J(X; L. d).

_ It should be pointed out that H depends only on the properties of the sheaf
G(X; L,d) of reductive Lie algebras and the decomposition (1.3). All this can be
encapsulated in the following trivalent graph

’In [R1], §4, this variety was called “nonabelian Albanese”. This terminology is not quite
appropriate, since classically, the Albanese variety involves taking the dual of the space H'? of
holomorphic 1-forms. The variety H parametrizing Higgs structures is certainly more like a direct
analogue of the space of holomorphic 1-forms itself. Hence the change of terminology.
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(1.4)

where the vertical levels represent the first [, summands of the decomposition (1.3)
and the slanted arrows represent certain degree +1 operators which are among the
generators of é (X;L,d).

The features of J(X; L, d) enumerated above show that our Jacobian relates in a
natural way to

— Lie algebras and their representations (the sheaf of reductive Lie algebras
G(X:L,d)).

— Toric geometry and Calabi-Yau varieties (the nonabelian (1, 0)-Dolbeault variety
H).

— Low dimensional topology (trivalent graph (1.4)).

Being such a multifaceted object it seems to us that J(X; L, d) is worthy of a serious
study.

In this monograph we undertake a study of the Lie algebraic aspect of our
Jacobian with a view toward gaining insights into various algebro-geometric
aspects of underlying surface. In the following subsections of the introduction we
summarize the key results of this work.

1.2 The Center of the Lie Algebra G(&, [¢])
and Geometry of Z,

We determine the reductive algebras g”(s , [e]) attached to points of the Jacobian J.
It turns out that the center of these algebras completely determines the Lie algebra
G(&, [e]) and is related to the geometry of the zero-locus Z, = (e = 0) associated
to (£, [e]) € J. More precisely, we show
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Theorem 1.1. The zero locus Z, = (e = 0) decomposes into the disjoint union

z.=Jz?. (1.5)

i=1

where v is the dimension of the center of the Lie algebra g~(5 ,le]) attached to
(E.le]) € J. Furthermore, the Lie algebra G(E,[e]) and hence, its center act on
the subspace I:I_lF (€, [e]) of the filtration of H(Oy,) in (1.2). This action of the
center determines the weight decomposition

H_ . (E.[e]) = P Vi€ [e])

i=1
which possesses the following properties:

1) HO((’)Z(@) > Vi(&,[e]) - H*(Og,),
2) one has a natural isomorphism

G(E. le]) = P Vi (€. [e])). (1.6)

i=1

This result establishes a precise dictionary between the decomposition of the
Lie algebra g"(s ,[e]) into the direct sum of matrix algebras and the geometric
decomposition of Z into the disjoint union of subschemes in (1.5).

It turns out that the Lie algebra G(E. [e]) also controls the properties of the
derivative of the period map associated to J.

Theorem 1.2. The derivative of the period map attached to Jis injective precisely
at the points (€, [e]) for which G(E, [e]) = gla(C), where d’ = dim(H_;. (&, [e]))
and where H_;. (€, [e]) is as in the filtration in (1.2).

This is a version of the Infinitesimal Torelli Theorem for J(X; L, d). Thus in
our story the Infinitesimal Torelli property, i.e. the injectivity of the differential
of the period map, has a precise geometric meaning: it fails exactly when the
decomposition (1.5) is non-trivial.

_ These results constitute a semisimple aspect of the representation theory of
G(&,[e]) in a sense that it takes into account the action on the space H %(0z,) of
the center of G(&, [e]), which is composed of semisimple elements. There is also a
nilpotent aspect which is much more involved.
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1.3 Nilpotent Aspect of G(E, [¢])

Let G(&,[e]) be the semisimple part of g"(s ,[e]). From the construction of the
Lie algebra G(&, [e]) it follows that we can attach a nilpotent element D (v) of
G (&, [e]) to every vertical® tangent vector v of Jata point (€, [e]) € J. On the
diagrammatic representation (1.4) the elements D (v) are depicted by the right-
handed arrows. As v runs through the space 7, (€, [e]) of the vertical tangent vectors
of J at (€, [e]) we obtain the linear map

D Ta(E. [e]) — N'(G(E. [e]) 1.7

into the nilpotent cone N (G (€, [e])) of G(&, [e]).

From the well-known fact that N (G (&, [e])) is partitioned into a finite set of
nilpotent orbits we deduce that the map D (4‘;’[ e assigns to (€, [e]) a finite collection
of nilpotent orbits of N (G (&, [e])). These are the orbits intersecting the image of
D:;’[ o) Varying (€, [e]) in the suitable subvarieties of J we deduce the following.

Theorem 1.3. The Jacobian J(X; L, d) gives rise to a finite collection V of quasi-
projective subvarieties of X\ such that every T' € V determines a finite collection
O(T") of nilpotent orbits in sla. (C), where d{. < d is an integer intrinsically
associated to T'.

Recalling that nilpotent orbits in sl, (C) are parametrized by the set of partitions
P, of n, the above result can be rephrased by saying that every I" in ) distinguishes
a finite collection P(I") of partitions of df.. Since partitions of n also parametrize
isomorphism classes of irreducible representations of the symmetric group S, we
obtain the following equivalent version of Theorem 1.3.

Theorem 1.4. The Jacobian J(X; L, d) gives rise to a finite collection V of quasi-
projective subvarieties of X\ such that every T' € V determines a finite collection
Rd; (") of irreducible representations of the symmetric group Sdg’ where d. < d is
an integer intrinsically associated to T'.

One way to express this result is by saying that the Jacobian J(X; L, d) elevates
a single topological invariant d, the degree of the second Chern class of sheaves
parametrized by certain subvarieties of J(X; L,d), to the level of modules of
symmetric groups. Thus our Jacobian gives rise to new invariants with values in
the categories of modules of symmetric groups.

But there is more to it. The partitions distinguished by J(X; L, d) contain a great
deal of geometry of subschemes parametrized by I'’s in Theorem 1.3. In down
to earth terms one can say that the partitions picked out by points (&, [e]) of J
yield equations defining the image of Z, under certain morphisms into appropriate
projective spaces.

3Throughout the monograph “vertical” means in the direction of the fibres of the projection 7
in (1.1).
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The process of obtaining these equations is somewhat evocative of the classical
method of Petri (see [Mu] for an overview). However, the essential ingredient in
our approach is representation theoretic. It turns on the use of sl;-subalgebras of
G(&,[e]) associated to the nilpotent elements D(-Z",[e]) (v), the values of the map

D(‘g[ o) in (1.7). The operator D(‘g[ o) (v) in our considerations plays the role of the
operator L in the Lefschetz decomposition in the Hodge theory. Completing it to an
sl,-subalgebra of G(&, [e]) in an appropriate way and considering its representation
on H%(Ogz,), gives a sort of Lefschetz decomposition of H°(Oz,). This combined
with the orthogonal decomposition in (1.3) yields a bigrading of H%(Oz,) thus
revealing a much finer structure than the initial grading (1.3).

Once this bigrading is in place, writing down the equations defining Z, in a
certain projective space is rather straightforward. This is discussed in details in §10.
The equations themselves can be complicated and, in general, not very illuminating.
What is essential in our approach is that this complicated set of equations is
encoded in an appropriate sl,-decomposition of H%(Oz,). This in turn can be neatly
“packaged” in the properties of the partitions singled out by the points (€, [e]) of J
“polarized” by operators D(?[ e])(v), with v varying in T, (€, [e]) as in (1.7).

To summarize, one can say that the nilpotent aspect of the representation theory
of G(X; L,d) provides new geometric insights as well as new invariants of the
representation theoretic nature.

This turns out to be only a part of the story. In fact, we can go further by relating
J(X: L,d) to the category of perverse sheaves on X1,

Theorem 1.5. The Jacobian J(X; L, d) determines a finite collection P(X; L,d)
of perverse sheaves on X9, These perverse sheaves are parametrized by pairs
(T, X), where T is a subvariety in V as in Theorem 1.3 and A is a partition in P(T).

This result subsumes two previous theorems since the perverse sheaves C(I", 1)
in P(X; L, d) have the following properties:

(a) C(I', 1) is the Intersection Cohomology complex /C (T, £,) associated to the
local system £, on I'.
(b) The local system £, corresponds to a representation

pra: mi(I [Z]) — Aut(H*(B;, C)) (1.8)
of the fundamental group 71 (I, [Z]) of T" based at a point [Z] € " and where

H*(By, C) is the cohomology ring (with coefficients in C) of a Springer fibre*
B), over the nilpotent orbit O, of sl;/ (C) corresponding to the partition A.

* A Springer fibre By is a fibre of the Springer resolution
o: N — Nsly (C)

of the nilpotent cone N (sl47.(€)) of sl (C) and where a fibre B, is taken over the nilpotent orbit
0, in N (sl47.(C)) corresponding to a partition A of df..
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(c) The representation pr admits the following factorization
pro: m(L[Z]) = Sy —> Aut(H*(B;.C)) . (1.9)

where Sy/ R Aut(H*®(B), C)) is the Springer representation of the Weyl
group W = S, of sl (C) on the cohomology of a Springer fibre B, .

Taking the irreducible constituents of the perverse sheaves in P(X; L, d), gives
rise to a distinguished collection, denoted C(X; L,d), of irreducible perverse
sheaves on X191, This in turn defines the abelian category A(X; L, d ) whose objects
are isomorphic to finite direct sums of complexes of the form C[n], where
CeC(X;L,d)andn € Z.

This construction parallels the construction of local systems on the classical
Jacobian. Recall that if J(C) is the Jacobian of a smooth projective curve C, then
isomorphism classes of irreducible local systems on J(C) are parametrized by the
group of characters Hom (s, (J(C)), C*). So we suggest to view the collection of
irreducible perverse sheaves C (X; L, d) as a nonabelian analogue of the group of
characters of the classical Jacobian, while the abelian category A(X; L, d) could be
envisaged as an analogue of the group-ring of Hom (m,(J(C)), C*).

Though objects of A(X; L, d) are complexes of sheaves on the Hilbert scheme
X9 they really descend from J(X; L, d) and one of the ways to remember this is
the following

Theorem 1.6. Letj (X;L,d) =J(X;L,d)\ O(X; L,d) be the complement of

the theta-divisor ® (X;L,d) in J(X;L,d) and let T} be the sheaf of
J(X;L,d)/ X1

relative differentials of J (X; L, d) over X9, Then there is a natural map

exp (/) - HY(T* ) — A(X:L.d).
J(X;L,d)/x1d]

The map in the above theorem could be viewed as a reincarnation of the classical
map
H'(T}i¢)) — Hom(m(J(C)),C¥),

where 7 - ) is the cotangent bundle of ./ (C). This map sends a holomorphic 1-form
o on J(C) to the exponential of the linear functional

/ (@) : 1(J(C)) = H(J(C). Z) —> C

given by integrating @ over l-cycles on J(C) (the notation “exp([)” in
Theorem 1.6 is an allusion to this classical map).
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Relations of the Hilbert schemes of points of surfaces to partitions is not new.
Notably, Haiman’s work on the Macdonald positivity conjecture [Hai], makes an
essential use of such a relation. The same goes for an appearance of perverse sheaves
on X1“1: the work of Géttsche and Soergel [Go-So], uses the decomposition theorem
of [BBD] for the direct image of the Intersection cohomology complex I C(X4])
under the Hilbert-Chow morphism to compute the cohomology of Hilbert schemes.
In both of these works the partitions appear from the outset because the authors
exploit the points of the Hilbert scheme corresponding to the zero-dimensional
subschemes Z of X, where the points in Z are allowed to collide according to
the pattern determined by partitions. In our constructions it is essential to work
over the open part Conf,(X) of X1, parametrizing configurations of d distinct
points of X. So there are no partitions seen on the level of the Hilbert scheme.
The partitions become visible only on the Jacobian J(X; L, d) via the Lie algebraic
invariants attached to it. One can say that our constructions turn a configuration
of distinct points with no interesting structure on it into a dynamical object. The
dynamics is given by certain linear operators acting on the space of complex valued
functions on a configuration. In particular, the operators D (v) obtained as values
of the morphism D in (1.7) give rise to the “propagations” and “collisions” in the
direct sum decomposition (1.3). This is not an actual, physical, collision of points
in a configuration but rather algebro-geometric constraints for a configuration to
lie on hypersurfaces in the appropriate projective spaces. The partitions attached to
the nilpotent operators D (v) can be viewed as a combinatorial (or representation
theoretic) measure of this phenomenon, while the perverse sheaves in Theorem 1.5
could be envisaged as its categorical manifestation.

1.4 From J(X; L,d) to Affine Lie Algebras

One of the major developments of the last 15 years about the Hilbert schemes of
points of complex projective surfaces is the discovery of Grojnowski and Nakajima
of the action of affine Lie algebras on the direct sum of the cohomology rings
(with rational coefficients) of the Hilbert schemes X"(n € Z.) (see [N] and
the references therein for more details). However, as Nakajima points out in the
Introduction of [N], until now one has no good explanation of this phenomenon. In
this subsection we explain how our Jacobian can be used to address this problem.

It is clear that formally we can replace the Lie algebra G(&, [e]) attached to a
point (€,[e]) € J(X;L,d) by its loop Lie algebra G(€,[e])[z~".z], where z is a
formal variable. However, there is a more natural and explicit reason for appearance
of loop Lie algebras in our story. To explain this we recall that the Lie algebra
G (€. le]) is obtained as follows.

For every & in the summand H°(&, [e]) of the decomposition (1.3), we consider
the operator D(h) of multiplication by / in the ring H°(Oz,). Decomposing this
operator according to the direct sum in (1.3) yields a triangular decomposition

D(h) = D~ (h) + D°(h) + Dt (h), (1.10)
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where D (h) are linear operators of degree 41 with respect to the grading in (1.3)
and D°(h) is a grading preserving operator. In particular, the operators D (h), for
h € H°(&, [e]), are essentially the same as the values of the morphism in (1.7),
due to the canonical identification of the relative tangent space 7, (&, [e]) with a
codimension one subspace of H(&, [¢]).

It is quite natural and immediate to turn (1.10) into a loop

D(h,z) =z 'D~(h) + D°(h) + zD*(h). (1.11)

where 7 is a formal parameter. Morally, this natural one-parameter deformation of
the multiplication in H%(Oy, ) is behind the following loop version of the map (1.7):

LDy i Tx (E.J]) — Gr(G(E.[e))). (1.12)

where Gr(G(€, [e])) is the loop or Infinite Grassmannian of the semisimple Lie

algebra G(€, [e]) and 727, (&, [e]) is an appropriate Zariski open subset of the vertical
tangent space T, (&, [e]) of J(X; L,d) at (€, [e]) . This gives the following “loop”
version of Theorem 1.3

Theorem 1.7. The Jacobian J(X; L, d) gives rise to a finite collection V (the same
as in Theorem 1.3) of subvarieties T of X\ Every such T' determines a finite
collection LO(I") of orbits of the Infinite Grassmannian Gr(SLdé (©) ofSLdf (&)

where dli is the same as in Theorem 1.3.

Taking the Intersection Cohomology complexes /C(O) of the orbits O in
LO(T), for every I'" in V, we pass to the category of perverse sheaves on
Gr(SLdé (©)). A beautiful and profound result of Ginzburg [Gi], and Mirkovi¢ and
Vilonen [M-V], which establishes an equivalence between the category of perverse
sheaves (subject to a certain equivariance condition) on the Infinite Grassmannian
Gr(G) of a semisimple Lie group G and the category of finite dimensional
representations of the Langlands dual group G of G, gives a Langlands dual version
of Theorem 1.3.

Theorem 1.8. For every subvariety I' in'V in Theorem 1.7 the Jacobian J(X; L, d)
determines a finite collection * R(T") of irreducible representations of the Langlands

dual group LSLdlg (C) = PGL, (C).

In retrospect a connection of our Jacobian with the Langlands duality could have
been foreseen. After all, the nature of J(X; L, d) as the moduli space of pairs (£, [e])
resembles the moduli space of pairs of Drinfeld in [Dr]. The fundamental difference
is that the groups SL,/ (C) and their Langlands duals in our story have nothing to
do with the structure group (GL2(C)) of bundles parametrized by J(X; L, d). These
groups rather reflect the geometric underpinnings of our construction related to the



12 1 Introduction

Hilbert scheme X 4], Noting this difference, we also point out one of the key features
of J(X;L,d):

it transforms the vertical vector fields of J(X; L,d) (i.e. sections of the relative tangent
sheaf T, = Tyx.1.ay/x\a1) L0 perverse sheaves on X1,

This feature is essentially the map in Theorem 1.6 and it can be viewed as
a “tangent” version of Grothendieck’s “functions-faisceaux dictionnaire”, which
plays an important role in a reformulation of the classical, number theoretic,
Langlands correspondence into the geometric one (see [Fr], for an excellent
introduction to the subject of the geometric Langlands program).

1.5 Concluding Remarks and Speculations

The results of this work show that the Lie algebraic aspects of our Jacobian
are useful in addressing various issues related to algebro-geometric properties of
configurations of points on surfaces. It also enables us to attach to the degree of
the second Chern class of vector bundles such objects as irreducible representations
of symmetric groups and perverse sheaves of the representation theoretic origin. In
fact, we believe that the tools developed in the monograph allow one to transfer
virtually any object/invariant of the geometric representation theory to the realm of
smooth projective surfaces. For example, one should be able to have a version of
Theorem 1.4, where the representations of the symmetric groups are replaced by
the representations of the corresponding Hecke algebras as well as Affine Hecke
algebras.

To our mind all these invariants fit into a sort of “secondary” type invariants
for vector bundles in the sense of Bott and Chern in [B-C]. Indeed, our construction
begins by replacing the second Chern class of a bundle £ (of rank 2) by its geometric
realization, i.e. the zero-locus Z of a suitable global section e of £. This is followed
by a distinguished orthogonal decomposition (1.3) of the space of functions
H°(Oz) on Z. The decomposition gives rise to the Lie subalgebra G(E. [e]) of
gl(H°(Oy)) which s intrinsically associated to the pair (£, [e]). This Lie subalgebra
could be viewed as the “secondary” structure Lie algebra associated to £. While the
structure group (GL;(C)) with its Lie algebra provide the topological invariants
of &, i.e. its Chern classes, the secondary structure Lie algebra detects various
algebro-geometric properties of the subscheme Z. For example, Theorem 1.1 can
be interpreted as a statement of reduction of the secondary structure Lie algebra to a
proper Lie subalgebra of gl(H°(O7)) [see (1.6)]. A geometric significance of such
a reduction is the decomposition of Z in (1.5). Furthermore, if the structure group
and its Lie algebra yield the Chern invariants of £ by evaluating the basic structure
group-invariant polynomials on a curvature form of &, it is plausible to expect
that our secondary Lie algebra should provide many more representation theoretic
invariants of (€, [e]), which would reflect properties of geometric representatives of
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the Chern invariants of £. Other theorems stated in the introduction could be viewed
as a confirmation of this heuristic reasoning.

Theorems 1.4 and 1.5 could also be viewed as two kinds of categorifications
of the second Chern class of rank 2 vector bundles on projective surfaces. The
latter result and the tools developed to obtain it suggest that there might be a
categorification of the representation of affine Lie algebras on the direct sum of
the cohomology rings of the Hilbert schemes discovered by I. Grojnowski and H.
Nakajima (see the discussion in §1.4)

The results of §1.4 indicate a relation of our Jacobian to the Langlands duality. On
the other hand it is conceptually sound to suggest that a formulation of the geometric
Langlands program for higher dimensional varieties could involve correspondences
in the middle dimension.> Now the very idea of the Jacobian as a tool to study
correspondences goes back to A.Weil (see [W]). In fact, one of our main motivations
for introducing and studying J(X; L, d) was to study correspondences in the case
of projective surfaces. Thus what emerges from our considerations is the following
triangular relation

J(X;L,d) (1.13)

Correspondences
of X

Langlands Duality

A precise discussion of these interrelations will appear elsewhere but we hope
that the results and tools developed in this work will convince the reader that the
nonabelian Jacobian J(X; L,d) exhibits strong ties with the base of the above
triangle.

1.6 Organization of the Monograph

There is a number of different topics discussed in this work and we would like to
summarize here how they fit together in our exposition.

To begin with the work draws heavily on the results of [R1]. For this reason §2
is entirely devoted to a concise summary of the main properties of our nonabelian
Jacobian obtained in that paper. This is also a place to introduce the main notation
and conventions used throughout the monograph.

With these preliminaries out of the way, the development of our theory truly
begins with §3. The essential results here are Lemma 3.1 and its geometric realiza-
tion in Corollary 3.3. These results are of technical nature and are in preparation for
the determination of the Lie algebras attached to points of J(X; L, d).

3 What we have in mind here is that correspondences in the middle dimension could be taken as a
geometric substitute for the Galois side of the Langlands correspondence.
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In §4 these Lie algebras are explicitly determined. This is done in two stages:

— In §4.1 we consider the center of the Lie algebras in question; the geometric
consequences of this study are given in Corollary 4.13.

— In §4.2 we determine the semisimple part of the Lie algebras attached to points
of J(X; L, d): the main technical result here is Proposition 4.14.

A combination of these two stages constitutes the results of Theorem 1.1 of the
Introduction.

In §5 we switch to a more geometric point of view on our constructions by defin-
ing the period maps for our Jacobian. We show that the period maps satisfy Griffiths
transversality condition (Proposition 5.4) and compute their differentials in terms of
the operators D * (/) of the triangular decomposition in (1.10). This gives a purely
algebraic formulas to compute the derivatives of our period maps (Lemma 5.7,
Proposition 5.9) and links the geometry of the periods maps with the Lie algebraic
considerations of the previous sections.

In §5.3 we define Torelli property for our period maps and show that it is
entirely controlled by the center of the Lie algebras attached to points of J(X; L, d)
(Corollary 5.15, Theorem 5.16).

Next three sections are devoted to sly-subalgebras associated to the operators
D*(h) of the triangular decomposition in (1.10).

In §6.1 we consider sl,-subalgebras associated to the operators DT (k). This
gives rise to bigraded structures on H°(Oz,) in (1.3). The main properties of these
bigradings and the action of D (h) are given in Proposition 6.2. In §6.2 we give a
sheaf version of the above structures.

In §7 we consider the adjoint action of the sl,-subalgebras in §6 on the sheaf of
Lie algebras attached to J(X; L, d). This results in a bigraded structure of the Lie
algebras attached to points of J(X; L, d). The properties of this bigrading can be
found in Lemma 7.2 and in Proposition-Definition 7.7.

In §8 we change from operator D (h) to D~ (h) and consider sl,-subalgebras
associated to D~ (h). The formalism is of course the same and the main issue here
is the interaction of the two structures. In Proposition 8.5 and Corollary 8.6 it is
shown how the two sl,-structures are related. The result is reminiscent of the Hodge-
Riemann bilinear relations in Hodge theory.

In §9 we return to geometric considerations. In particular, we show how to use
sl,-subalgebras studied in previous sections to define a stratification of the relative
tangent sheaf of J(X; L, d). The resulting strata are indexed by certain upper trian-
gular, integer-valued matrices which we call multiplicity matrices (Definition 9.5,
Proposition 9.6) or, equivalently, by partitions associated to the nilpotent operators
D™ (h) (Proposition 9.14).

§10 is devoted to applications of the theory built so far to various algebro-
geometric questions concerning configurations of points on X .

In §§10.2-10.3 we present a general method of using sl,-subalgebras con-
sidered in §6 to obtain equations of hypersurfaces cutting out configurations in
an appropriate projective space. In §10.5 the general method is applied to a
particular case: complete intersections on a K3-surface. In this case everything
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can be computed quite explicitly. In particular, one obtains a complete list of very
simple quadratic hypersurfaces (of rank < 4) cutting out complete intersections
(see Proposition 10.16). This gives a hyperplane section version of Mark Green’s
theorem on quadrics of rank 4 in the ideal of a canonical curve in [Gr].

In §10.6 the sl,-subalgebras considered in §8 are put to use to study geometry of
configurations of points on X with respect to the adjoint linear system |L + Ky|.
Our considerations show how the partition associated to the nilpotent operator
D~ (h) in (1.10) determines a special subvariety in P(H°(Ox (L + Kx))*), passing
through the image of a configuration under the morphism defined by |L + Ky|.
This is Theorem 10.23 which generalizes a well-known classical result saying that
d points (d > 4) in general position in the projective space P/~ lie on a rational
normal curve.

In §11 we return to general considerations with the intention to use nilpotent
elements D (/) in a more conceptual way. This leads to a relation of J(X; L, d) to
the nilpotent cone and the Springer resolution of simple Lie algebras of type sl,. The
main results in §11.2 are Proposition 11.4 and Theorem 11.5 (which is equivalent to
Theorem 1.3 of the Introduction).

In §11.3 the Springer resolution and Springer fibres are used to construct perverse
sheaves on the Hilbert scheme X4 (Theorem 11.9). This yields the collection
P(X: L,d) of perverse sheaves on X9 as in Theorem 1.5 of the Introduction.

In §11.4 the collection P(X; L, d) is put to use to construct the abelian category
A(X; L,d) appearing in Theorem 1.6. The relation of relative differentials of
J(X; L, d) with objects of A(X; L, d) (the map exp( ) in Theorem 1.6) is given in
Theorem 11.16 (see also Proposition 11.14 and Remark 11.13).

In §12 a relation of J(X; L, d) and the Infinite Grassmannian of type SLy(C)
is established (Proposition 12.8). This leads to Theorems 1.7 and 1.8 of the
Introduction (stated respectively as Propositions 12.9 and 12.10).

Acknowledgements It is a pleasure to thank Vladimir Roubtsov for his unflagging interest to this
work. Our thanks go to the referee of [R1] who also suggested in his report a possible connection
of our Jacobian with perverse sheaves.



Chapter 2
Nonabelian Jacobian J(X; L, d): Main
Properties

In this section we introduce the main objects of our study and recall the main results
of [R1].

2.1 Construction of J(X; L,d)

By analogy with the classical Jacobian of a smooth projective curve our Jacobian is
supposed to be the parameter space of a certain distinguished family of torsion free
sheaves of rank 2 over X, having the Chern invariants (L, d). Its formal definition
is as follows.

One starts with the Hilbert scheme X “! of closed zero-dimensional subschemes
of X having length d . Over X9l there is the universal scheme Z of such subschemes

Z2C s X xxl (2.1
N
X

where p;(i =1,2) is the restriction to Z of the projections pr;, i =1,2, of the
Cartesian product X x X!9I onto the corresponding factor. For a point £ € X191, the
fibre p3(£) is isomorphic via p; with the subscheme Z¢ of X corresponding to £,
ie.

x4l

Ze = pix(p5(§)). (2.2)

In the sequel we often make no distinction between Z¢ and the fibre pj (§) itself. If
Z is a closed subscheme of dimension zero and length d, then [Z] will denote the
corresponding point in the Hilbert scheme X 4.

1. Reider, Nonabelian Jacobian of Projective Surfaces, Lecture Notes 17
in Mathematics 2072, DOI 10.1007/978-3-642-35662-9_2,
© Springer-Verlag Berlin Heidelberg 2013
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The next step is to fix a line bundle Oy (L) corresponding to a divisor L on X. It
will be assumed throughout the paper that Oy (L) satisfies the following condition

H°(Ox(-L)) = H'(Ox(-L)) = 0. (2.3)

We are aiming at geometric applications, where the divisor L will be sufficiently
positive (e.g. L is ample), so the above condition is quite natural.

Once a divisor L and a positive integer d are fixed we consider the following
morphism of sheaves on X ¢

P
HY(Ox(L + Kx)) ® Oys — pau(pFOx (L + Kx)). (2.4)

We define
J(X; L,d) := Proj(S°cokerp), (2.5)

where S°®cokerp is the symmetric algebra of cokerp. By definition J(X;L,d)
comes with the natural projection

7:J(X:L,d) — X (2.6)
and the invertible sheaf Oyx.r 4)(1) such that the direct image
N*OJ(X;L’d)(l) = cokerp 2.7

(when X, L and d are fixed and no ambiguity is likely, we will omit these parameters
in the notation for the Jacobian and simply write J instead of J(X; L, d)).

Observe that the set of closed points of the fibre of 7 over a point [Z] in X! is
naturally homeomorphic to the projective space P(H'(Zz(L + Kx))*). By Serre
duality on X

H'(Zz(L + Kx))* = Ext'(Zz(L + Kx), O(Kx)) = Ext'(Zz(L), Ox). (2.8)

To simplify the notations the last space will be denoted by E xt% throughout the
paper. Thus the set of closed points of J(X; L, d) is in one to one correspondence
with the set of pairs ([Z], [¢]), where [Z] € X9 and [o] € P(Ext)). Alternatively,
a pair ([Z], [@]) can be thought of as the pair (€, [e]), where £ is the torsion free
sheaf sitting in the middle of the extension sequence defined by the class « in £ xt%

0 Oy £ T, (L)—0 2.9)

and where [e] is the point in the projective space P(H°(£)) corresponding to
the image of H°(Oy) under the monomorphism in (2.9). Thus closed points of
J(X; L, d) parametrize the set of pairs (€, [e]), where £ is a torsion free sheaf on X
having rank 2 and the Chern invariants (L, d ), and [e] is a one-dimensional subspace
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of H'(&), whose generator e is a global section of £ with the scheme of zeros
Z, = (e =0) having dimension 0. As it was explained in [R1], p. 439, our Jacobian
J(X; L,d) is the moduli stack of such pairs. From this description it follows that
we have a morphism of stacks

h: JX:L,d)—=My(2,L.d), (2.10)

where My (2, L, d) is the moduli stack of torsion free sheaves on X having rank 2,
fixed determinant Oy (L) and the second Chern class of degree d. This morphism
sends a pair (&, [e]) in J(X; L, d) to the point [£] € My (2, L, d), corresponding
to the sheaf &£. In particular, the fibre of & over a point [£] in My (2, L, d) is the
Zariski open subset Ug of P(H°(£)) parametrizing sections of £ (up to a non-zero
scalar multiple) having 0-dimensional locus of zeros.

Putting together (2.6) and (2.10) we obtain the following diagram

J(X;L,d) @2.11)

/ X
Xl My(2,L.,d)

Thus J(X;L,d) can be thought of as a kind of thickening of X9l and
My (2, L, d). In both cases the thickening is obtained by inserting over the points, of
either the Hilbert scheme X ¢! or the moduli stack My (2, L, d), of rational fibres:
the projective space P(E xt%) over a point [Z] € X4l and the Zariski open subset
Ug of P(H°(E)) over a point [€] in Mx (2, L, d).

Another, equivalent, way of saying this is that through every point (&, [e]) of
J(X:; L, d) pass two rational subvarieties, Ug and P(E xtée), which are respectively
the fibre of & over [£] and the fibre of 7 over [Z,]. These subvarieties have the
following geometric meaning:

— The subvariety Ug is the space of rationally equivalent geometric realizations of
the second Chern class of £.
— The subvariety P(E xt%e) is the space of natural deformations of the pair (£, [e]).

2.2 A Stratification of J(X; L,d)

The Hilbert scheme X4 acquires a distinguished stratification by the degeneracy
loci of the morphism p in (2.4). Namely, set D" (L, d) to be the subscheme of zeros
of the exterior power A~ p of p of degree (d — r). Set-theoretically D" (L, d) is
the subset
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{& € X1V | dim(coker(p(§))) > r + 1}. (2.12)

Denote by I'}; (L) the subscheme D" (L, d) taken with its reduced structure, i.e. set-
theoretically I'); (L) is the same as the set in (2.12), but as a subscheme of X 9] it is
defined by the radical of the ideal sheaf of D"(L, d). In particular, all I");(L)’s are
reduced closed subschemes of X191 and they give a stratification of X4

XUSTUL)>THL)D>...oTHL) > TP (L) > Td (L) O TY = 0.
(2.13)

Denote by I'; (L) the complement I'} (L) \ FC;H (L). This is a Zariski open subset

of T(L). If T,(L) # @, then it is well-known that I';*'(L) is contained in the
singular locus of '} (see e.g. [ACGH], Chap.2). In particular, the smooth part

reg(I') (L)) of '} (L) is equal to reg(I"}; (L)), the smooth part of I'); (L).
The stratification (2.13) can be lifted via the projection 7 in (2.6) to define the
stratification of J(X; L,d):
JX:L,d)y=J>J>..oF >yt o... (2.14)

where J* = Proj(S*coker(p) ® Ory(1)). In particular, the stratum
J=Jy\Jy*! (2.15)

is a P"-bundle over I'} (L).

2.3 A Nonabelian Theta-Divisor @ (X; L, d)

For a closed subscheme Z C X with [Z] € I'} (L), the integer
S(L.Z):=h"(T,(L+Kx)=r+1 (2.16)

is called the index of L-speciality of Z. Following Tyurin [Ty] (see also [R1],
Definition 1.1), we define the notion of L-stability.

Definition 2.1. A zero-dimensional subscheme Z of X is called L-stable iff
S(L,Z")<8(L,Z),

for any proper subscheme Z’ of Z.
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Denote by *X) the subscheme of X} parametrizing L-stable subschemes
which are local complete intersections (Ici). The two conditions are open so it is
a Zariski open subset of X191,

Let J,, —n_l(VX[[i]) be the part of J(X;L,d) lying over "X[d] It was
shown in [Rl] §1.2, that JSX[,;] carries a distinguished Cartier divisor denoted

O(X;L,d) and called the theta divisor of J(X;L,d). The closed points of
O (X; L, d) parametrize pairs (€, [e]), where the sheaf £ is not locally free. Scheme-
theoretically, @ (X; L, d) is the subscheme of zeros of a distinguished section of
the invertible sheaf Oyx.1.4)(d) ® 7* L, for some line bundle £ on X (see [R1],

(1.19)). In particular, the fibre @ z of @ (X; L, d) over [Z] € *X] [ I] is a hypersurface
of degree d in P(Ext)). Furthermore, one can show that set- theoretlcally Oy is
the union of hyperplanes H, in P(Ext}), where z runs through the set of closed
points in Z. Thus the divisor @ (X; L, d) captures geometry of zero-dimensional
subschemes of X parametrized by the underlying points of the Hilbert scheme X 4.

Remark 2.2. Let J X be the complement of @(X;L,d) in JxX[d.]. Then the
restriction of the morphlsm h in (2.10) to J’ , gives the morphism
[(‘l
J [d]HBxQ L,d), (2.17)

lu

where By (2, L, d) is the moduli stack of locally free sheaves on X having rank 2
and the Chern invariants (L, d).

From now on we will be working over *X l[fi]. By Definition 2.1 we have an

inclusion *X ¢ ¢ 1"0 (L), provided d > 2. Setting

lei

T = XYL and  TH(L) = THL)\'T(L), (2.18)

lei

we obtain the stratification

x4 = | T (2.19)

lci
r=>0

of °X [[i.] by locally closed sets 'I'};(L). Taking the inverse image by 7 of this
stratification, we obtain the stratification

Yy =7 Cxh =J " (2.20)

r=>0

where J' =g (’F’ (L)) is a P"-bundle over T’ (L).
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2.4 The Sheaf F on J(X; L,d)

Recall the universal scheme Z in (2.1) and set
F = p2Oz (2.21)

to be the direct image of the structure sheaf Oz of Z with respect to the projection
p> in (2.1). This is a locally free sheaf of rank d on X191,
Let

F=n*F (2.22)

be the pullback of F under the projection r in (2.6). This is also a locally free sheaf
of rank d on J(X; L, d).

One of the main points of the constructions in [R1] is a distinguished subsheaf H
of F® Oy defined for every stratum J" in (2.14) (see [R1], §1.3, for details). Since
F is a sheaf of rings, the multiplication in F gives rise to a distinguished filtration
Off ® OJr .

0=HycH_,c...cH,C...CF®O0Oy, (2.23)

where
H,=H and H. =im(SH——=F ® Oy) (2.24)
is the image of the morphism
m; : S H——=F ® Oy (2.25)

induced by the multiplication in F, where S'H is the i -th symmetric power of H.

Fix a stratum I'}, (L) in (2.13) such that the open part ‘T, (L), defined by (2.18),
is non-empty and consider the smooth part reg('I'’; (L)) of 'T"};(L) (recall from the

discussion following (2.13) that reg('T"; (L)) is contained in ‘" (L)). Denote by
C’(L,d) := mo(reg('T}(L))) (2.26)

the set of connected components of reg('T";(L)). This is also the set of connected
components of reg('J"), the smooth locus of 'J* =7 ~'('T/(L)). For every con-
nected component I' € C" (L, d), denote by

Jr:=n"'() (2.27)

the corresponding connected component of reg('J").

Fix I' € C"(L, d) and consider the restriction of the filtration (2.23) to Jr. The
sheaves I:I_,- ® Oy, are non-zero and torsion free, for every i > 1. So their ranks
are well-defined. Set
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R = rk(Ho; @ Oy.) —rk(H_j1 ® Oy,) . (2.28)

foreveryi > 1.

Denote by /1 the largest index i for which h! # 0 and call it the length of the
filtration of H_e ® Oy,.. Thus on Jr- the filtration (2.23) stabilizes at H_;. ® Oj,..
We also agree to assign to F ® Oy, the index —(/r- 4 1) and use the notation

FROp =H_. (2.29)
So the filtration (2.23) restricted to Jr has the following form

0=Hy®0). CH_ 1 ®0y. C...CH_j; 41 ® Oy, CH_;, ® Oy, CH_jp—; = F Q@ Oy, .

(2.30)
Lemma 2.3. Set
hr = (A, ... KT Al
and call it the Hilbert vector of T'.
The Hilbert vector hr and its componentshi., (i =0, ..., Ir), have the following

properties:

1) hr is a composition of d, i.e.

Ir
D hh=d.
i=0

2) ) =rk(H_; ® Oy) =rk(H® Oy.) =1 + 1,
3) hi >0, fori =0,...,Ir — 1, and hiF > 0.

Proof. From the defining equations (2.28) it follows
Ir
Y b =rk(F®Oy) =d.
i=0

The second assertion follows from [R1], Proposition 1.4, and (3) is obvious. O

Let C(d) be the set of compositions of d. From Lemma 2.3 it follows that the
assignment of the Hilbert vector A to the components I" in C" (L, d) gives a map

WL,d,r):C"(L,d)——=C(d) . 2.31)

Remark 2.4. The sheaves I:I_,- in (2.23) and hence their ranks are related to the
geometry of the underlying points of the Hilbert scheme. This is the content of
[R1], Remark 1.5, which we reproduce here for convenience of the reader.

Let ([Z], [@]) be a point of Jp. The fibre H([Z], [«]) of H at ([Z], [e]) can be
viewed as a linear system on Z. It is always base point free, since H([Z], [«])
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contains the constant functions on Z (see [R1], Remark 1.3). Thus H([Z], [«])
defines a morphism

k((Z].e]) : Z—P(H([Z], [2)*). (232

Hence the Hilbert function of the image Z'(«) of «([Z], []) is given by the ranks
of H_;’s at ([Z], [«]), fori =1,...,Ir.

From Remark 2.4 it follows that the Hilbert vector Ar encodes the Hilbert
function of the image of «([Z], [«]), for all ([Z], [«]) varying in the complement
of the singularity loci of the sheaves I:I_i, fori =1,...,Ip. This is a non-empty
Zariski open subset of Jr which we denote by J;.. Set

r=zJp) (2.33)

to be its image under the projection 7 in (2.6). This is a Zariski open subset of I'.
The following lemma relates J}. and the complement of the theta-divisor in Jr.

Lemma 2.5. Let Or0 =0 (X;L,d)N Jr_l(l"(o)) be the theta-divisor over T'©
and let
W=\ 00

be its complement in 7= (I'Y). Then J§~0) cJr.

Proof. Let [Z] € T'© and let J7 (resp. © ) be the fibre of Jr (resp. © o)) over
[Z]. By definition J}- intersects J 7 along a non-empty Zariski open set. In particular,
there is [«] in Jz \ ® 7 such that ([Z], [¢]) € J}-. Hence the ranks of the sheaves
H_; at ([Z], [«]) are given by

i—1
rk(H_((Z).[a]) = > A (2.34)

k=0
fori =1,...,Ir. We claim that the left hand side of (2.34) stays constant for all

[B] € (Jz \ O%). This will give the assertion of the lemma. In fact, we claim that
the following holds.

Claim 2.6. Forany [«], [B] € (Jz \ ©2) one has an isomorphism

b H((Z]. [e])) —=H([Z]. [B])

which induces isomorphisms
Py - H-i (2], [e) ——H- ((Z]. [B) .

foreveryi=1,...,Ir.
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Proof of Claim 2.6. From [R1], Proposition 1.4, « induces an isomorphism

A((Z]. [o]) —~Ext} (2.35)
This can be seen explicitly by recalling that
Ext), = Ext"(Zz(L),Ox)

can be identified as a subspace of H°(Ext*(Oz(L), Oy)) (see [R1], (1.16)). The
latter space is H(w; ® Ox(—L — Ky)), where w; is the dualizing sheaf of Z.
Since Z is a local complete intersection, w is invertible and we think of E xté
as a linear subspace of sections of an invertible sheaf on Z. Furthermore, « is an
extension class corresponding to a locally free sheaf &, sitting in the middle of the
short exact sequence

0 Oy Ea Z7(L)—=0

defined by «. This is equivalent to & being nowhere vanishing! on Z. Hence (2.35)
implies the following identification

H(Z], [o]) = {g‘ y e Exté} . (2.36)
Define ¢y 5] to be the multiplication by % to obtain the isomorphism
& H((Z], o)) —=H(Z]. [8]) - (237)
This proves the first assertion of the claim.
From (2.37) it also follows
H((Z].[8]) = %fl([Z], [a]) . (2.38)
This implies ‘
2018 = () F2) o). 2.39)

i
for every i > 1. Thus taking q&{a].[ﬂ] to be the multiplication by (%) , yields the

second assertion of the claim. |

TAs a sectionof w; @ Ox(—L — Ky).
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As a consequence we deduce the following.

Corollary 2.7. For every I' € C"(L,d), there exists a non-empty Zariski open
subset T'©) C T (defined in (2.33)) such that on the open part

JO = 27T )\ Or

of Jr, all non-zero sheaves of the filtration H_, in (2.23) are locally free and their
ranks are determined by the Hilbert vector

hr = (A%, ... BT R
from Lemma 2.3 by the formula
. i—1
rk(H-; ® OJ{P)) = Zhlli .
k=0

From Remark 2.4 it follows that our considerations are non-trivial provided
r>1. (2.40)

This will be assumed for the rest of the paper.

2.5 Orthogonal Decomposition of F

The filtration H_, in (2.23) acquires more structure over the points of (L)
corresponding to the reduced subschemes of X. Let Conf,;(X) be the locus of the
Hilbert scheme X 4] parametrizing the subschemes of d distinct points of X. This
is a Zariski open subset of X 9], since it can be described as the complement of the
branching divisor of the ramified covering

pri Z——=Xl
in (2.1). The subschemes Z of X, with [Z] € Conf;(X), will be called configura-
tions (of d points) on X.

We are interested in the connected components I' € C”(L,d) having a non-
empty intersection with Conf; (X).

Definition 2.8. A component I' € C"(L, d) is called admissible if
I'NConf (X)#9.

The set of admissible components in C" (L, d) will be denoted by C/, (L, d).
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For a subset Y in X9 we denote by Y,y the intersection ¥ N Conf,(X).
In particular, for I' € C"(L,d ) the subset I'c,y is Zariski open in I' and it is
non-empty if and only if I' € (L,d). The subset I'c,,r will be called the
configuration subset of .

We will now recall why configurations are important in our constructions (see
[R1], §2, for details). The sheaf F (resp. F ) admits the trace morphism

adm

Tr: F = prpxOz——0Oya (resp. Tr: .7}*>(9J(X;L,d)) (2.41)
It can be used to define the bilinear, symmetric pairing ¢ (resp. q) on F (resp. F)

a(f.g) = Tr(fg) (resp. @(f.g) = Tr(fg)). (2.42)

for every pair ( f, g) of local sections of F (resp. F).
This pairing is non-degenerate precisely over Conf,;(X). Using it we obtain a
natural splitting of the filtration H_4 ® Oy, in (2.30) on a certain Zariski open

subset of JF(()) =7 I(F(O) (L,d),

mf), for every admissible component I' €
conf
where I'© is a Zariski open subset of I" defined in (2.33). More precisely, set

adm
1
F=H,80.0) (2.43)
c(mf

to be the subsheaf of F QR O © orthogonal to H_, QR O r© with respect to the

c(mf c(mf

quadratic form q in (2.42). It was shown in [R1], Corollary 2.4, that there exists a
non-empty Zariski open subset Jr of Jr subject to the following properties:

(a) The open set jp lies over Fc(oif, i.e. the morphism 7 in (2.6) restricted to jr
gives the surjective morphism

P rp— (2.44)
(b) J r lies in the complement of the theta-divisor, i.e.
JrcJ©, (2.45)

where J (FO) is as in Lemma 2.5.
(c) F,restricted to Jr, admits the orthogonal direct sum decomposition

FR0; =H,80; &F ®0j. (2.46)

foreveryi =0,1,...,Ir + 1.
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This gives rise to the filtration
FR0;, =F®0; DF'®0; >...0FT®0; DF '™ =0. (247
Putting together the filtrations H_.® (’)j[, and F* ® (’)j[,, we define the subsheaves
H'=H,®05)n(F'®0;). fori=1,...Ir+1 (2.48)

This definition together with (2.46) yield the following decomposition of F® Oy,
into the orthogonal sum

Ir
F®0; =H. (2.49)
p=0

Remark 2.9. 1) Observe that the ranks of the summands H?’s in (2.49) form the
Hilbert vector A as defined in Lemma 2.3, i.e.

rk(H?) = hP. (2.50)

This follows from the definition of h; in (2.28), the inclusion (2.45) and the
orthogonal decomposition

i—1
H,®05 =PH’. (2.51)
p=0

In particular, for i = 1 one obtains
H=H_, = H’. (2.52)

2) From the orthogonal decomposition (2.49) it follows that the subsheaves F' of
the filtration F* in (2.47) admit the following orthogonal decomposition

Ir
F = @Hl’. (2.53)
p=i

The decomposition (2.49) together with the multiplicative structure of F play
the crucial role in our considerations. In particular, they give rise to the sheaf of
Lie algebras g" whose definition will be recalled in the next subsection. We close
this one by giving the dual version of the filtration H_, in (2.23) which coincides
with the filtration F*® once restricted to j r. However, it has a virtue of being more
geometric.

The starting point of the dual construction is another natural sheaf on X! which
takes account of the divisor L. Namely, we consider the sheaf
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F(L) = pax (pTOx (L + Kx)) , (2.54)

where p; (i =1,2) are as in (2.1). Taking its pullback via 7 in (2.6) we obtain the
sheaf ~
F(L) = 7" (F(L)) . (2.55)

In [R1], §1.3, it was shown that there is a natural morphism
R :F®Op—=H'L + Kyx)* ® Op(1), (2.56)

where Oy (1) is the restriction to J” of the tautological invertible sheaf Oy(x;z.4)(1)
[see (2.7) for notation]. In particular, the subsheaf H, encountered in §2.4, is defined
in [R1], (1.21), as the kernel of R". Furthermore, we have morphisms

~ L~ mi ~ R"
R STH—=F ® Op —=H (L + Kx)* ® Oy (1), (2.57)

where m; is as in (2.25).
Dualizing and tensoring with Oy (1) yields

H(L + Kx) ® Oy —(S'H)" @ Oy (1)
Setting F; to be the kernel of this morphism, we obtain the following filtration
HO(L+Kx)®OJr :Fl DizD...DF,‘ DF,‘_H D...

Each F; contains the sheaf Jz = n*(prZ* (Jz ® priOx(L + KX))), where
Jz is the sheaf of ideals of the universal subscheme Z in X x X! (see (2.1) for
notation) and pr;(j =1, 2) are the projections of X x X [4] onto the corresponding
factor.? Factoring out by J=, one obtains the following filtration of F(L):

FILYQOy =FDF D>...0F DFiy D... (2.58)

where o
F;, = F,-/JZ. (2.59)

To relate this filtration to the one in (2.47) one observes that there is a natural
morphism
R:F®Op —=(F(L)* ® Op(1) (2.60)

(see [R1], (1.27) and (1.19) for details). Furthermore, this morphism is an isomor-
phism precisely on the complement of the theta-divisor ® (X; L, d), since the latter
is defined by the vanishing of the determinant of R (see the formula for ® (X; L, d)

2The inclusion n*(prZ* (JZ ® priOx(L + KX))) CF;is proved in [R1], Proposition 1.6.
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below [R1], (1.19)). Taking the dual of ﬁ, we obtain a natural identification of
F(L) ® Oy (—1) with F*Q Oy on the complement of the theta divisor in J".
Restricting further to the configurations and using the self-duality® of F over
Conf ;(X), we obtain a natural identification of F(L) ® Oy (—1) and F® Oy
over the complement

n_l(F(O)

con,

D\ OX:L.d),

for every admissible component I' € C/,

holds on J r in view of the inclusion in (2.45).

With the above identification in hand, we can transfer the filtration Fe ® (’)j[, (=1
of F(L) ® O, (~1) in (2.58) (twisted by Oy (1)) to a filtration of 7 ® Oy, . The
point is that the resulting filtration is the filtration F*, defined previously in (2.47)
via orthogonality (see more detailed discussion in [R1], §2).

By definition, the filtration H_, is related to the geometry of the morphisms
k([Z], [«]) in (2.32) associated to the linear systems |ﬁ([Z] [a])| on Z, as [Z]
varies through the points of the admissible components I". On the other hand the
filtration F* in (2.47), in view of its identification with Fo ® Oy (—1), reflects
geometric properties of the subschemes Z (parametrized by I') with respect to the
adjoint linear system |L + Kx| on X. Thus the orthogonal decomposition (2.49)
contains information about the geometry of the subschemes Z with respect to both
linear systems.

(L,d). In particular, this identification

2.6 The Sheaf of the Lie Algebras Q~r

To attach Lie algebras to points of J(X; L,d) we view local sections of the sheaf
H=H_, in (2.23) as operators of the multiplication in the sheaf of rings F.ie. we
consider the inclusion

D :H——=E&nd(F) (2.61)

which sends a local section 7 of H to the operator D(¢) of the multiplication by #
in F.

Over the configuration subset r?

conf
we have defined the subscheme Jr (see (2.44) for notation), where the orthogonal
decomposition (2.49) holds. Using this decomposition we write

of an admissible component I" € C’, (L, d)

adm
D(t) =D (t)+ D°(t) + DT (1), (2.62)
where the components D*(¢) have degree +1, while D°(¢) is of degree 0, with

respect to the grading in (2.49) (see [R1], Remark 3.8, for more details). Thus on j r
the morphism D in (2.61) admits the triangular decomposition

3The self-duality of F over Conf’ 4(X) is provided by the quadratic form q in (2.42).
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D=D +D°+ DT (2.63)

and we define g} to be the subsheaf of Lie subalgebras of 5nd(.73 ) generated by the
subsheaves D*(H) and D°(H). 5

It was observed in [R1], §7, that gr is a sheaf of reductive Lie algebras and its
representation theory is intimately related to the geometry of the subschemes of X
parametrized by I.

The main objective of this work is to pursue the investigation of this relation.
Our considerations logically fall into two parts. The first one seeks to use the
representation theory of G- to gain an insight into geometry of the subschemes of X
parametrized by I'. The second uses various representation theoretic constructions
related to G to obtain interesting objects (e.g. sheaves, complexes of sheaves) on
J(X: L,d) or on the underlying Hilbert scheme X[/,

2.7 Conventions and Notation

In this section we summarize all notation and conventions introduced so far and
which will be used throughout the rest of the paper.

§ 2.7.0. The Chern datum (L, d), consisting of a divisor L (up to the rational
equivalence) on X and a positive integer d, is fixed once and for all. The divisor
L is always subject to the vanishing assumptions in (2.3).

§ 2.7.1. The Hilbert scheme (resp. Jacobian) X} (resp. J(X: L, d)) is equipped
with the stratification defined in (2.13) (resp. (2.14)).

We always consider the strata I'’; with » > 1 and ‘T’ non-empty (see (2.18)

o
for notation). For such a stratum I'}; we denote by reg('T"})) its smooth part and we
let C"(L,d) to be the set of its connected components. Furthermore, we denote

by C,.(L,d) the set of admissible components (see Definition 2.8) of reg('T'}).
§ 2.7.2. For a componentI" € C/, (L,d), we set

Jr=n"'T)and Or = O(X;L.d)NJr. (2.64)

where 7 is the morphism defined in (2.6). Set J}- to be the largest Zariski open
subset of Jr over which all non-zero sheaves of the filtration in (2.30) are locally
free and let

ro =)

be the corresponding Zariski open subset of I".
Denote by J the complement of the theta-divisor in 7~ (I'®). From Corol-
lary 2.7 it follows that all non-zero sheaves in the filtration in (2.30) are

locally free over J 59) and their ranks are determined by the Hilbert vector (see
Lemma 2.3)
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hr = (A%, ... BT R (2.65)

by the formula in Corollary 2.7.

§ 2.7.3. For a component I' € C’, (L, d), denote by Jr- the largest Zariski open

adm
subset of J 59) over which the orthogonal decomposition (2.49) holds. It is known

that it projects onto r® (see (2.44)), i.e. the morphism

conf

T:) FHme (2.66)
is surjective. In the sequel, to simplify the notation, we set
r=rj. (2.67)

§ 2.7.4. For an admissible component I in C" (L, d), we always denote by Q~F
the sheaf of reductive Lie algebras defined in §2.6. Its semisimple part [g} , g}]
will be denoted by Gr-.

§ 2.7.5. Working over an admissible component I" most of the time we consider
sheaves over Jr. So, to simplify the writing, we often omit tensoring with Oy

in the notation of restriction to Jr of a sheaf defined on a larger space. Thus
for example, the filtration H_. in (2.23) will be considered over J r, unless said
otherwise, and we will continue to write H_, instead of the more cumbersome
H_. ® 05.

§ 2.7.6. At certain parts of the paper we will need to distinguished between locally
free sheaf on a variety and the corresponding vector bundle. To do this we use
capital calligraphic letter for the former and the same capital letter, but in Roman
type, for the latter. Thus, if we have a variety Y with a locally free sheaf A on it,
then we denote by A the corresponding vector bundle over Y.



Chapter 3 _
Some Properties of the Filtration H_,

We fix a stratum I'} in (2.13) according to the conventions in §2.7 and consider an
admissible component I"in C), (L.d).

Lemma 3.1. Let[Z] € T andlet J; = =" ([Z]) be the fibre of w over [Z]. Denote
byJ (ZO) the complement of the theta-divisor

Oz=0(X;L,d)ynJz

n Jz.
Then

1) The rank rk(H_;) of the sheaf H_; in (2.30) is constant along J(ZO),for alli > 1.
2) Hoyp ® O is a trivial subbundle of 7 ® O 0 = H(Oz) ® Oj0.
z z z

Proof. The first assertion is a restatement of Claim 2.6. To see the second assertion
we take two distinct points [«] and [B] in J g)) and we go back to the identity

H((Z].[8]) = %ﬁ([Z], [a])

in (2.38). Write

where t = é — 1isin H([Z]. [e]). This gives the identity

(2], 6) = A2}, e

1. Reider, Nonabelian Jacobian of Projective Surfaces, Lecture Notes 33
in Mathematics 2072, DOI 10.1007/978-3-642-35662-9_3,
© Springer-Verlag Berlin Heidelberg 2013
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Hence every element 1 € H([Z], [8]) can be written in the form

1

he= L 3.1
T+ G-

for some s € H([Z], []). In particular, for # in a small neighborhood" of &, we can
expand (3.1) in a convergent power series

0o
h = Zt”s,
n=0

where the terms of the series are in I:I_/r ([Z], [@]), for all n > 0. This implies

that H([Z].[B]) C I:I_lr([Z], [@]). Since H_;.([Z].[e]) is closed under the
multiplication in H°((), we obtain an inclusion

H (2], [B]) € Hoyp (1Z]. [e]) -

By the first part of the lemma the dimensions of the two vector spaces are equal.
This yields an equality

H_ (), [B) = Ho (1Z]. [0]) (32
for all [B] in a small open neighborhood of [«]. Since J(ZO) is path connected, it

follows that the equality (3.2) holds for all [8] € J%". o

Remark 3.2. The subring I:I_[F([Z ]. [a]) of H°(O7z) has the following geometric
meaning.
Recall the morphism

«((2].[e]) : Z—=PH(Z]. [e])*)
in (2.32) and let Z' () be the image of k([Z], [«]). Then the space H_;, ([Z]. [«])

is isomorphic to H°(Oz4)) with the isomorphism given by the pullback by
k([Z], [«]). More precisely, we have

Z'(@) = Spec(H_.(1Z], [a])) (3.3)

and 3
(kc([Z), [e])* = HY(Oz/()—=H_i.([Z], [@])

is an isomorphism.

'In the complex topology of E xlé.
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From (3.3) and Lemma 3.1, (2), it also follows that the scheme Z'(c) is
independent of [«] € J (ZO). In the sequel it will be denoted by Z’.

Corollary 3.3. Let T'© be as in §2.7 and let Zro be the universal subscheme
over I'0,
There exists a subsheaf F' of F ® Or such that

T*F = I:I_[F ® OJ(O). 3.4
r

Furthermore, F' is a subsheaf of subrings of F ® Orw and one has the following
factorization

Zo 2l (3.5)
ro

where Z!

o = Spec(F') and

. /7
S Zr0 —— Z,

is the morphism corresponding to the inclusion of sheaves of rings F' < F Q Orq).
In particular, one has a canonical identification

F = p;*OZ

é«))'
Proof. Set R
dl{‘ = rk(H_/r ® OJiE))) (3.6)
and let
Grro = Gr(d’ ,F ® Oro) 3.7

be the relative Grassmannian of d[.-planes in 7 ® Or«. We have the diagram

JO Grro (3.8)

x /rr(o)

o

where the morphism y corresponds to the inclusion

ﬁ—lr & OJ{P’ > FQ® OJ{P’ =1 (F® Orm) .
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The morphism y sends a closed point ([Z],[«]) of J(FO) to the d{-plane
ﬁ_lr([Z], []) of H°(Oz) = F([Z)]), the fibre of F at [Z]. From Lemma 3.1,
(2), it follows that the morphism y is constant along the fibres of 7. Hence it factors
through I'? yielding a section

y:TO — Grpo
of the natural projection prrw in (3.8), i.e. we have
y=yomand prpo oy =idpro. (3.9)

Let U/ be the universal subbundle of prl’f(o) (F ® Oro) on the relative Grassman-
nian Grro. Applying y* to the inclusion

U — prl’fm)(]:@) OF(()))
gives the subbundle

F = ]/*U — )/*(pr;((,)(]:@ OF(O))) = (prp(()) o )/)*(.7:® OF(O)) =F® OF(O),
(3.10)
where the last equality comes from the second identity in (3.9).
Next we check that the sheaf F is subject to the identity (3.4) of the corollary.
For this we apply 7* to the equalities in (3.10) to obtain

F = a*(yU) = (yorn)' U =7U=H ® Oy,

where the third equality comes from the first identity in (3.9), while the last one
follows from the definition of the morphism y in (3.8).
From the equality 7*F = H_;. ® OJ(O) and the fact that the latter sheaf is
r

a subsheaf of subrings of F® (’)J«» it follows that F’ is a sheaf of subrings of
«
F ® Oro. Hence the monomorphism

Fl s F® O[‘(O)
of sheaves of rings defines a surjective morphism of schemes
f 1 Zro = Spec(F ® Oro) —> Spec(F') = 2

over 'Y, This yields the commutative diagram asserted in (3.5). O

Recall the notation of I" and Jr in §2.7. By definition over Jr the orthogonal
decomposition (2.49) holds. In particular, we have

FROj =H, ®0; oHT. (3.11)
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From Corollary 3.3 it follows easily that this decomposition is the pullback by 7 of
the orthogonal decomposition

FROr=F ®@0: & (F ®0:)", (3.12)

where (}' '® Olz)J' is the subsheaf of 7 ® Oy orthogonal to 7’ ® Oy, with respect
to the quadratic form q in (2.42), i.e. the following holds

B =7 ((Feop)"), (3.13)
F® Oy =n*(F & 0p) @ n* ((}‘/ ®Of)L) . (3.14)

Remark 3.4. From the algebro-geometric perspective of the factorization in (3.5)
the above decomposition and its constituents can be described as follows.

Let [Z] be a point in I" and consider the diagram (3.5) over it. This gives the
morphism

f1Z=p'(2) — Z' = p; ' (2) (3.15)

which on the level of the rings of functions translates into the injective homomor-
phism of rings

F((Z) = H(Oz)) — H"(Oz) = F(Z)) (3.16)
given by the pullback f* of functions. In particular, in the decomposition
H(0z) = Hy ((Z]. []) ® B ([Z]. [e]) (3.17)

the summand I:I_/r ([Z]. [«]) is identified with H°(O) via the pullback in (3.16),
for every [«] in Jr- lying over [Z]. With this condition on [«], assumed for the rest of
this discussion, the space space I:I_/r ([Z], [e]) (resp. H'T ([Z].[«])) is independent
of [¢] and we denote it by I:I_/r ([Z]) (resp. H'" ([Z])) (this is proved in Lemma 3.1,
(2)).

To describe the orthogonal complement H'" ([Z]) of I:I_/r([Z D in H°(Oz) we
set Z; = f71(Z), for every closed point of Z’. Then Z admits the following
decomposition

Z=> Zs. (3.18)

7€z’

Let

Sz, =3 8= f*()

ZEZZ/
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be the pullback of the delta-function on Z " supported at 7'. These functions form
a basis of H_;, ([Z], [@]) as Z/ runs through the closed points of Z’. Furthermore,
every h € H%(O) can be written uniquely

h=> hz,.

Z/eZ/

where for each 7/ € Z’ the component & z, = hdz, is supported on Z/. With these
preliminaries in mind, we can now describe the space H'" ([Z]) as follows

H"((Z]) = {h € H*(O)|Tr(hz,)=0. ¥/ € Z'} (3.19)

where T'r stands for the trace morphism in (2.41).



Chapter 4 .
The Sheaf of Lie Algebras Gr

In this section we establish the basic properties of the sheaf g} (see §2.6 for its
definition). From [R1], Proposition 7.2, we know that it is a sheaf of reductive Lie
algebras. By the structure theorem of reductive Lie algebras (see e.g. [Bour]) one
obtains the following decomposition

Sr=Cregr, (4.1)

where Cr- is the center of g~[~ and G = [QF, QF] is a sheaf of semisimple Lie
algebras. _ y _
By definition, G~ comes together with a faithful representation on H—,., i.e. G
is defined as a subsheaf of End(I:I_lr).
One of the features of Q~F is that it comes along with a distinguished subsheaf of
Cartan subalgebras determined by the image of the morphism D defined in (2.61).
Namely, define the subsheaf C(ﬁ) of Q~F to be the centralizer of D(H), i.e. a local

section x of Q~F belongs to C (ﬁ) if and only if
[x, D(t)] = 0, for any local section ¢ of H. 4.2)

Proposition 4.1. CH)isa subsheaf of Cartan subalgebras of g}.
Proof. This is the result of [R1], Lemma 7.5. O

Remark 4.2. The proof of Lemma 7.5 in [R1] implies that C(ﬁ) can be naturally
identified with a subsheaf of 7*F’, where F’ is as in Corollary 3.3. Furthermore, it
acts on _

T *.7: = H—lr
via the multiplication in I:I_/r.

The sheaf C(H) decomposes according to the structure decomposition (4.1)

1. Reider, Nonabelian Jacobian of Projective Surfaces, Lecture Notes 39
in Mathematics 2072, DOI 10.1007/978-3-642-35662-9_4,
© Springer-Verlag Berlin Heidelberg 2013
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CH) =Cr &M, (4.3)

where _
HF =CH)N gl'* 4.4)

is a subsheaf of Cartan subalgebras of Gp-.

4.1 The Center Cr of G

We will investigate the action of the center CT~ on the sheaf ﬁ_lr. To begin with
consider the situation fibrewise.
Fix ([Z], [«]) € Jr and let

¢ =C([Z].[a]) (4.5)

be the fibre of Cy at ([Z], [«]).
Consider the affine version of the morphism « ([Z], [«]) in (2.32):

Z — H(Z].[a])
for which we use the same notation. Denote by
Z' = Spec(H([Z]. [@])) = Spec(F/([Z])). (4.6)

where F'([Z]) denotes the fibre of F’ at [Z] and where the last equality in (4.6)
comes from the identity (3.4) in Corollary 3.3. In particular, we have a natural
identification 3

H_; ([Z], [a]) = H°(O2)). 4.7)

In the sequel we use freely this identification, by switching frequently from one
space to another, without explicitly invoking this isomorphism. Thus, for example,
the fact that the action of G~([Z],[«]) on I:I_[F([Z], [@]) implies the action on
H°(Ogz) will be taken for granted.

Consider the action of the center ¢ on H°(Oy). It is known that this action is
semisimple. Thus we obtain the following weight decomposition

H(0z2) = @ Va(Z]. [a]). (4.8)

AEC*
where V) ([Z], []) is the weight space corresponding to a weight A and the direct

sum is taken over the weights of this action.

Proposition 4.3. 1) The weight spaces V;([Z], [&]) are ideals in H°(Oz),
2) Vi(Z]. [«]) - V([Z], [a]) = O, for any two weights A # p occurring in (4.8).
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Proof. 1) By Remark 4.2 the center ¢ can be viewed as a subspace of H°(0/) and
its action is identified with the multiplication in H°((0/). Hence we have

h(fv) = f(hv), (4.9)

for any f,v € H°(Oz) and any h € ¢, where the operation in (4.9) is the
multiplication in H°(Oz). In particular, if v € V;([Z], [«]) we obtain

h(fv) = A()(fv),

for all i € ¢. Hence fv € V3([Z], [«]), for all ¥ € H°(Oy/). This shows that
Vi([Z], [«]) is an ideal in H°(O ).

2) Take v € Vi([Z].[e]) and V' € V,([Z].[]) and consider the product vV in
H°(Oz/). Applying h € ¢ to v gives

h(W') = (v = A(h)w
as well as
hW) = v(hY) = p(h)w'.

These two equalities yield
(u(h) = A(h))nw' =0, Vh e c.
If A # w, then the above implies
w' =0, Vve Vi([Z], [a]), YV € V. ([Z], [a]).

This proves the second assertion of the proposition. O

Lemma 4.4. Let Z'*% be the subscheme of Z' corresponding to the ideal

Vi([Z]. [e]) and let Z; , be its complement in Z'. Then

Vi(2).[e)) = P Cs,, (4.10)

p

where the sum is taken over the distinct closed points of Z (/A’a) and 8 is the delta-
Sfunction supported at p'.

Furthermore, the elements of ¢, viewed as functions on Z', are constant on Z, (’ ra)
More precisely, if h € ¢, then

h(p') = A(h),
Jor all closed points p"in Z; .

Proof. The functions in V; ([Z], [«]) must vanish on Z'*%). Hence their support is
inZ (A’a). This implies an inclusion
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1zl o) c P sy

p/

where the sum is taken over the distinct closed points of Z/ O On the other hand
every 8,/, the delta function having support at a closed point p’ of Z (’ 1) vanishes

on Z'®® and hence belongs to V; ([Z], [«]). This proves the equality (4.10).
To prove the second assertion consider the action of 1 € ¢ on §,/’s in (4.10)

h(8y) = A(h)8,. @.11)

On the other hand since 4 acts on H°(Oz/) by multiplication the left hand side in
(4.11) can be written as follows

h(8,) = hd,y =h(p)s,.
This and (4.11) imply
A(h) = h(p"),
for every closed point of Z (’ 1) O
The ring I:I_/r ([Z], [e]), viewed as a subring of H°(Oyz) [see (2.30)], is
generated by the the subspace H([Z], [@]). So it is natural to ask for a relation of

the weight spaces V3 ([Z], [«]) in (4.8) and H([Z], [«]). The following proposition
answers this question.

Proposition 4.5. Set

H, (2], [a)) = Va((2]). [e]) () H(Z], o))

Then ~ ~
H((Z]. [o]) = D Ha([Z]. [o])

rec*

and
Vi(Z].[a]) = im (S*(HL((Z]. [e])) — H_.((Z]. [e]) = H*(O2)) .

for every weight A occurring in the decomposition (4.8).

Proof. Lett € H([Z], [o]). Decompose it according to the weight decomposition in

(4.8):
i=Y 0, 4.12)

rec*

where #;, is the componentof 7 in V; ([Z], [«]), for every weight A occurring in (4.8).
We claim that each 7, is in H,([Z], []). To see this recall that the elements of H
are characterized by the property of being annihilated by the operators D~ (¢’) in the
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triangular decomposition (2.62), for any local section ¢ of H (see [R1], Remark 7.8).
Applying D~ (¢’) to the both sides in (4.12) yields

0=D"()0) =Y D (). (4.13)

Aec*

But by definition D~ (¢') are in QF([Z], [@]), the fibre of g} at ([Z], [«]), for all ¢/
in H([Z], [«]). Hence D~ (¢") commute with ¢, for all ¢’ in H([Z], [«]). This implies
that D~ (¢')(tx) € Va([Z],[]), for every A in the sum of (4.13). Combining this
with (4.13) yields

D™ (1) =0,

for every ¢/ € H([Z],[«]). Using [R1], Remark 7.8, once again, we obtain that
1, € H([Z], [«]), for every A.

Turning to the second assertion we use the fact that V, ([Z], [«]) is an ideal in
I:I_/r ([Z], [«]) and hence closed under the multiplication. This gives an inclusion

m (S* (Hx((Z]. [e])) — H_.((Z]. [a]) € Va([Z]. [e]). (4.14)
On the other hand
H_; ([Z].[e]) = im (S* (H([Z]. [¢])) — H_.([Z]. []))

and from the weight decomposition (4.8) and Proposition 4.3, (2), it follows

(i) S*(H([Z].[a)) = ®S (Hx([Z]. [])

(i) Hop ([Z),[e]) = im <® S*(H1(1Z]. [@])) — H-: (2], [Ot]))

A

= éBlm *(H((Z2). [e]) — B, (Z]. [a]) -

This together with (4.14) yield the asserted equality
VillZ],lel) = im (S* (H2(1Z], [e])) — Hoi (2], [0])) -

|

By Remark 4.2 we can identify ¢ with a subspace of IN{_IF (2], [e]) = HY(O).
Our next task will be to locate the center ¢ as a subspace of H(0z/).

Z(A ) Z 81’ ’

ez

Proposition 4.6. Let

(*)
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where the sum is taken over the closed points of the subscheme Z (/A’a) of Z' defined

in Lemma 4.4, and let € be the span of these functions in H*(Oz/) = I:I_/r ([Z], [«])-
Then

1) ¢ C H([Z], [«]).
2) é - @/\ ng(/Au).
3) Cis a subring ofle_lF ([Z], [«]).

4) The morphism D in (2.61) identifies ¢ with c.

Proof. To prove the first assertion it is enough to show that 32& , belongs to

H([Z]. [«]), for every weight A occurring in the decomposition (4.8). For this
observe that Proposition 4.3, (2), implies

/ / _
Zoa [ ) Zlpua = 9.

for all A # . This and the direct sum (4.8) give the decomposition of Z’ into the
disjoint union
7' =%
A

over the weights in (4.8). In particular, the constant function 1 € H°(Oz/) can be

written as follows
1= 8 .

This is the weight decomposition of 1 because 82(/A , € Vo([Z], [«]), for every

A. Furthermore, the constant 1 lies in I:I([~Z ], [e]) (see [R1], Remark 1.3) and by
Proposition 4.5 its A-components SZ(/A € H, ([Z], [«]), for all A.

The argument above also shows that the family of functions § PR A runs

through the distinct weights in (4.8), is linear independent in H([Z], [«]). This yields
the second assertion.
From the above it also follows that 1 is contained in ¢, while the identities

82/ o = 0, for A # M, 5%(,/\.0() = 82(/1.&)

S,
4 (u

()
assure that € is closed under the multiplication. This proves the third assertion.
Turning to the last assertion we observe that by the second assertion of
Lemma 4.4 the center ¢ is identified with a subspace of the space ¢. So it will be
enough to check that the morphism D takes the functions § 7, e Indeed, the

operator D(§ zl, u)) is the operator of multiplication by § Z in the ring H°(O%)

and it acts as the identity on V; ([Z], [@]) and by zero on all other weight spaces in
(4.8). Hence D(SZ(/A )) belongs to the center ¢, for every A in (4.8). O
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Set 5
Jz =7~ ([Z]) (4.15)
to be the fibre of Jr over [Z] € I', where 7 and I" are as defined in (2.67). We will
now show that the weight decomposition (4.8) does not depend on [¢] € Jz.
Lemma 4.7. The center ¢ = Cr([Z], [a]) and the weight decomposition (4.8) do
not depend on [a] € Jz.

Proof. First observe that the independence of the center on a point in Js implies
the same for the weight decomposition (4.8). So only the first assertion needs to be
proved. In order to do this we take [«] and [f] to be two distinct points of Jz and
let ¢jo) and c(g) be the centers of the Lie algebras QF([Z], [@]) and g}([Z], B,
respectively. To relate the two centers we use their explicit description as subspaces
of H([Z]. [«]) and H([Z], [B]). respectively, obtained in Proposition 4.6. So our first
step will be to relate the weight decomposition of H°(Oz/) under the ¢[yj-action
with the subspace H([Z], [8]) (recall that by Corollary 3.3 we have H°(Oz/) =
I:I_/r ([Z].[]) = H_;.([Z],[B])). For this we use the identity

H(Z],[8) = %ﬁ(m, [e])

in (2.38). Putting it together with the cj,-weight decomposition of H([Z], [«]) in
Proposition 4.5, we obtain

H(Z].[8) = P %fh([Z], [a]). (4.16)
A

Since V3 ([Z]. [¢]) is an ideal [Proposition 4.3, (1)], it follows that
%m(m, [o]) € Va((Z). [e)).
This and (4.16) give an inclusion
H((Z]. [8) () V2 (2. [o]) D %ﬁx(m, ),

for every weight A occurring in (4.16). However, the equality in (4.16) implies that
the above inclusion is actually an equality

H(Z], (8D () Va(12). [e]) = %fh([Z], [a]). (4.17)

for every weight A in the decomposition (4.16) . ~
The equality in (4.17) generalizes to the entire filtration H_o([Z], [B]). In fact,
set
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(H.((Z]). [a])_, = im(S" (HA([Z], [a])) — H°(O2)).
From Proposition 4.5 it follows that

(HL(1Z]. [e]) _; = Va(1Z]. [e]) () H=i (2], [@]).

This together with the weight decomposition (4.8) yield

H_;([Z].[e]) = @ (H:(Z]. [a]) _, - (4.18)
A
Using the identity
AL (2], 1B)) = (%) AL (2], o)

in (2.39) together with the decomposition in (4.18), we deduce the identity
analogous to the one in (4.17):

- (2] [B) () V(2] [o]) = (%) (B2 D), . @19
for every i > 1. This yields the decomposition

H_((Z).[8) = @ H-(Z]. [BD [ ) Va((Z]. [a]. (4.20)
A

With these considerations accomplished, we proceed to relating the centers ¢, and

Cipl-
From Proposition 4.6 we know that ¢|4] is spanned by the operators D (8 2, a)) as

A runs through the weights of the decomposition in (4.8). So to show the inclusion
Cy C ¢jp) it would be enough to prove

D((SZ(/M()) € C[g), VA. 4.21)

Exchanging the roles of « and B will give the opposite inclusion and hence the
equality ¢jg) = €[g]. Thus our argument will be completed once we show (4.21).

Proof of (4.21): Take the element g € H([Z], [«]) and write it according to the
weight decomposition in (4.5):

R [™

= Z (g)A , (4.22)

A
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where (é) € H,([Z]. [«]) is the A-component of é, for every weight A occurring
o o

A
in the decomposition (4.8).
Multiplying (4.22) by % we obtain

(e,

From the identity in (4.17) it follows that % (g)A e H([Z].[B]) ﬂ Vi([Z], [o]).

On the other hand, from the proof of Proposition 4.6 we know that the A-components
of 1 are § z, )’s. Hence the equality

a(p
5%h = B (;)x’

for every weight A in (4.8). This implies that the elements § z,,, are all in
H([Z], [B]). Hence the operators D(SZ(/M)) are in the Lie algebra G ([Z], [B]).

It remains to see that D(§ Z(/M)) are central in the Lie algebra G ([Z], [8]). This
is done by examining their action on the filtration H_([Z], [8]).

Recall that for every A the operator of multiplication D(3§ Z(/M)) acts on

Vi([Z], [@]) as the identity idy, (7]« and by zero on all other weight spaces in
(4.8). In view of the~decomposition in (4.20) this implies that the multiplication
by 82(/A | preserves H_;([Z],[B]), for every i > 1. Hence D*’((?Z(/A )) = 0in

QF([Z], [B]). Since D™(-) and D (-) are adjoint to each other with respect to
the quadratic form q defined in (2.42) (see [R1], Lemma 3.7), it follows that
D_(é)’z(/A a)) = 0in G- ([Z].[B]) as well. Hence we obtain

D(z,,) = DG, ) (423)

(A.)

in QF([Z],[,B]). From this identity it follows that D(5z(’M)) is central in

QF([Z], [B]). Indeed, by definition the Lie algebra QF([Z], [B]) is generated by
elements D*(¢), DO(¢) as ¢ varies in the vector space H([Z], [8]) and we have the
triangular decomposition

D(t) = D~ (t) + D°(t) + DT (1)

as recalled in §2.6. From the commutativity of the multiplication in H°(O) it
follows
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0= DGy, ). DO)] = DGy, ). D()]

= [Pz, ). D~ (O] +[D°(z, ). D°(0)] + DG, ). D (1))

where on the right hand side we have the sum of operators of degree —1, 0, 1 with
respect to the grading provided by the orthogonal decomposition in (2.49). This
implies that the component of each degree on the right hand side vanishes. Thus
D(8Z(/M)) = DO(SZ(/M)) commutes with D*(z), D°(t), for every t € H([Z], [B]).
Hence D(5 Z(/M)) is in the center ¢g). This completes the proof of (4.21) and of the
proposition. O

Remark 4.8. From Lemma 4.7 it follows that the subschemes Z'*) (resp. Z/ . a))

introduced in Lemma 4.4 are independent of [¢] varying in the fibre Jz of Jr
over [Z]. So from now on we denote them by Z’* (resp. Z}). The same goes for
the weight spaces V, ([Z], [«]) in (4.8)—they will be denoted V;([Z]). With this
notation the weight decomposition (4.8) takes the form

H°(072) = P v(12). (4.24)

Aec*

Analogously, the functions 82/ deﬁned in Proposition 4.6 will be denoted
by 82/ From Proposition 4.6 the operators D(SZ/) form a basis of the center c.
Furthermore D(87;) acts on the decomposition in (4 24) as the identity i dy, (z)) on
V,([Z]) and by zero on all other summands.

We will now sheafify the above results. In what follows we use an additional
hypothesis that the rank of the sheaf of centers Cp is constant' on Jr. After a
complete description of the sheaf g”p (see Corollary 4.18) this assumption will be
superfluous.

Proposition 4.9. Assume the rank of Cr to be constant on Jr. Then there exists a
subsheaf F, of the sheaf F' ® Oy (the ' sheaf F' is defined in Corollary 3.3) such
that its pullback 7w* F is a subsheaf of H which is identified with the center CT via
the morphism D in (2.61), i.e.

D(T[*]:C/) = Cr.

Furthermore, F is a subsheaf of subrings of 7' ® Ofj.

Proof. From Proposition 4.6, (4) it follows that there is a subsheaf }z(’, of H such
that ~
D(.7-'C’) =Cr. (4.25)

I'The rank of Cr- is a priori constant on some non-empty Zariski open subset of Jr.
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Furthermore, by Lemma 4.7 the restriction of .7:'é to fibres of the morphism

T j r —> l:‘
is the trivial bundle. So we are in the situation analogous to the one in Corollary 3.3.
Arguing as in the proof there, we obtain that there is a subsheaf F, of 7' ® Oy. such
that B

T (F) = F..
This together with (4.25) give the equality

D(x*F)) = Cr.

From Proposition 4.6 it also follows that F/ = 7* (") is a subsheaf of subrings of

F' = n*(F ® Og). This yields that F is a subsheaf of subrings of 7' ® Oy as
well. a

Corollary 4.10. The sheaf F, of Proposition 4.9 determines the scheme
2/ = Spec(F))
over I' with the structure morphism
pliZ —T
and a surjective morphism of I'-schemes
2l — 2L,

where Z{ = Spec(F' ® Oy), i.e. one has the commutative diagram

A
25

where all morphisms are surjective.

Proof. The inclusion of the sheaves of rings
F.—F @ Oz

determines a surjective morphism
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f! 2L = Spec(F' ® Oy) —> Spec(F) = Z]

which by definition commutes with the structure morphisms (which are respectively
p5and p)onto I O

Definition 4.11. The scheme Z, = Spec(F,) defined in Corollary 4.10 will be
called the scheme of central weights of I'. It is a finite scheme over I' with the

structure morphism
p.:Z, —T

such that
pé*(/)z(( = .7:2 ~Cr.
In particular, deg(pl) = rk(Cr).

Denote by Zj the part of the universal scheme Z in (2.1) lying over I". This
means that Zy = Spec(F ® Oy) and it comes with the structure morphism

priZp —> T (4.26)

which is an unramified covering of degree d .

In Corollary 3.3 we found that this covering factors through the scheme ZlQ =
Spec(F"), while the discussion above gives further factorization imposed by the
center C~ of Gr. This is summarized in the following commutative diagram of
various morphisms introduced so far.

Z z z/ 4.27)

Remark 4.12. By construction all morphisms in the above diagram are surjective,
finite and flat. Since the morphism p; in (4.27) is unramified it follows that all other
morphisms are unramified coverings as well.

Set f. = f! o f to be the composition of the horizontal arrows in (4.27) and
consider the resulting factorization of Zy through the scheme of central weights Z

z! (4.28)
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The scheme of central weights Z/ parametrizes the weights of the action of the
center C1 on the sheaf 7/ = p) Oz, where p), is as in (4.27). The meaning of the
T

factorization in (4.28) is that it decomposes the configurations on X (the fibres of
p2) parametrized by I" into the disjoint union of subconfigurations. The following
statement summarizes some of the basic properties of this decomposition.

Corollary 4.13. For every [Z] € I the factorization in (4.28) gives a decomposi-
tion of the configuration Z into the disjoint union of subschemes (subconfigurations)
given by the formula

z= ) [z
rep~1(2)
where 7 = f/"'({A}), for A € p/"'([Z]).
For a weight A, let Z, = f71({A}) = f7NZ}) be the subscheme of Z
corresponding to this weight and let

8z, = [7(8z))

be the pullback by f of the delta-functions defined in Remark 4.8. Then the
subschemes Z) have the following properties.

(i) H(Oz,) = Vi([Z]) & 8z, - H' ([Z], []), where Vi ([Z]) is the weight space
corresponding to A in the weight decomposition of H*(O) in (4.24), where
Z' = f(Z) = p5'([Z)), the fibre of p over [Z] in the diagram (4.27).

(ii) Exték = Ext'(Zz(L),0x) = H;, ([Z].[«]), for some [a] € Jz, where 1z,
is the sheaf of ideals of Z; on X, H; ([Z], []) is as in Proposition 4.5 and J
isasin(4.15).

(iii) There is a natural morphism

)20 J, — ]P’(Ext%})

which sends a point [] € Jz to the extension class [a;] (up to a non-zero
scalar)

0 Ox Euy Zz,(L) 0

where the sheaf &, is locally free of rank 2 and having Chern invariants
(L,dy) with dg =degZ,.
(iv) The filtration H_o([Z,], [@1]) as well as the orthogonal decomposition

H'(0z,) = W (1Z:]. [e2))

p=0

are obtained from the one’s for ([Z], [«]) using the isomorphism in (i). More
precisely,
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Hoi((Z3]). [en]) = B ([Z], [e]) () Va((Z)), Vi <Ir
H’ (23], [w]) = B ((Z], [e]) () Va([Z]), Vp <1z —1,
where 17, (< Ir) is the length of the filtration H_.([Z,]. [a]). Furthermore,
H'% = 67, - HI' (2], o)),

Proof. Set Z* to be the subscheme of Z complementary to Z; . The two subschemes
give rise to the following commutative diagram of sheaves on Z

0 (4.29)

Oz,

where Jz, (resp. J,x) is the sheaf of ideals of Z; (resp. Z*)in Z. This implies the
identification
Tz = Oz, (4.30)

which in turn gives an isomorphism
H(0Oz,) = H(J ). 4.31)

By definition Z* = f~!(Z"), where Z'* is as in Remark 4.8. From the proof of
Lemma 4.4 the latter subscheme is defined by the ideal V) ([Z]). This implies

H°(Tp) = Va((Z]) - HO(O2). (4.32)
We know (see Remark 3.4) that

H(Oz) = H_;.(1Z].[a]) @ H"([Z]. [o]) = H*(Oz) & H"([Z]. [x]).
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Substituting this in (4.32) we obtain

H(Jz) = Va((Z]) & Va([2]) - H" ([Z], ). (4.33)
On the other hand the multiplication of H'* ([Z], [«]) by elements of IEI_/r (2], [e])
preserves H'™ ([Z], [«]). Furthermore, the functions in V3 ([Z]) lie in H_;,. ([Z], [])
and have support in Z,. This gives the inclusion

Va([Z]) -H™([Z]. [e]) C 8z, - HT ([Z]. [a]).

The inclusion in the opposite direction is obvious since 8z, € V;([Z]). Thus we
obtain the equality

Vi([Z]) - H" (2], []) = 8z, - BT ([Z], [a)).
Combining it with (4.33) and (4.31) we deduce the first assertion.

To see the second assertion recall that an extension class « € Ext}, defines the
cup-product

HY(O7)——=Ex*(07,0x(-L) = H'(Oz(Kx + L)), (434)
where the equality is the Serre Duality on X (see [R1], §1.2, for details). Further-
more, if [«] belongs to the complement of the theta-divisor the homomorphism
above is an isomorphism. Composing it with the dual of the restriction map

p(Z) : H'(Ox(Kx + L)) — H’(Oz(Kx + L))
we obtain the homomorphism
R'([Z].[e]) : H*(O7) — H"(Ox(Kx + L))* (4.35)
which is the value of the morphism R” in (2.56) at ([Z], [«]) in Jr. By definition the

kernel of this homomorphism is H([Z], [«]) (see [R1], (1.21), for details) and « in
(4.34) restricted to H([Z], [«]) induces the isomorphism

A((Z]. [e])——=Ext) (4.36)

which we already encountered in (2.35).
To calculate £ xtéA we use the direct sum decomposition

H(Oz) = H(Jp) ® H(J2,)

and its twisted version
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H°(Oz(Kx + L)) = H*(J;(Kx + L)) @ H(Jz, (Kx + L))

coming from the diagram (4.29) (resp. (4.29) tensored with Ox(Ky + L)).
Substituting these equalities in (4.34) yields the isomorphism

o
Using the isomorphism in (4.31) we deduce the isomorphism
H°(Oz,) — H°(Oz,(Kx + L))*. (4.37)

This homomorphism will be denoted by «;. Combining it with the dual of the
restriction homomorphism

p(Z;) : H(Ox(Kx + L)) — H°(Oz,(Kx + L))
yields the following diagram

0 (4.38)
ExtéA

0 “ 0
HY(Oz,) — H°(Oz,(Kx + L))*

\ P(ZA)*

H°(Ox(Kx + L))*

Set
R%([Z], [a]) = p(Z3)* oy

and observe that (4.38) implies the isomorphism
a :ker(R"([Z]. [])) — Exty,. (4.39)
On the other hand using the identification (4.31) we can identify the homomorphism

R"; ([Z], [«]) with the restriction of R"([Z], [«]) in (4.35) to the subspace H (7).
This identification allows us to calculate ker (R"; ([Z], [«])) as follows:
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ker(R™,([Z]. [a]) = H(Tz) (H(Z]. [a])

(Va(12)) ® 8z, - B ((Z]. [])) (E(Z]. [a])
(Va(12D) (H(Z]. [a]) = Hy(Z]. [e).

where the second equality follows from the first assertion of the corollary, while the
last one is the defining identity in Proposition 4.5. Thus the isomorphism in (4.39)
takes the form

a, : Hy([Z). [e])) — Ext}, (4.40)

as stated in (ii) of the corollary.

For part (iii) we observe that the function 6z, belongs to H,([Z].[«]) (Propo-
sition 4.6). The isomorphism in (4.31) identifies it with the unit 17, of the ring
H°(Ogz,). Applying to it the isomorphism in (4.40) we obtain an extension class in
E xték which we denote by o (the notation is justified since with this notation the
homomorphism in (4.40) becomes the multiplication by this extension class). Since
a) # 0 we obtain the map

Jz — P(Ext}))

which sends [a] € J to the point [o] € P(E xt%}). Furthermore, the extension
class o) is nowhere vanishing on Z;. This implies by a lemma of Serre [O-S-S],
Lemma 5.1.2, that the sheaf &, sitting in the middle of the exact sequence in (iii) is
locally free.

Turning to (iv) we recall from §2.4, (2.24), that the filtration H_o([Z;], [@;]) is
defined as follows:

H_([Z3]. [en]) = Hy([Z]. [o]) and H_; ([Z,], [2])
= im(S'(Hy([Z]. [o])) — H"(Ogz,)). (4.41)

where the first isomorphism is provided by (ii). From the proof of Lemma 4.7,
(4.18), it follows that

im(S'(H,([2). [a]) — H(Oz,)) = H([Z]. [a])) () Va([Z)).
This and (4.41) imply the identification
H-,((Z:], ) = H-((Z], [e]) () Va(2)).
In particular, one sees that the length Iz, of the filtration H_.([Z;], [ox]) is the
smallest index i for which V,([Z]) € H_;([Z]. [&]).

From the proof of Lemma 4.7 it also follows that the center of g"p ([Z], [«]) acts
by endomorphisms of degree O on the orthogonal decomposition
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Ir
HY(0z) = P H"([Z]. [a])

p=0

[see (4.23)]. This implies that the summands H”([Z], [«]) admit the weight
decomposition

HY (2], [o]) = @) V(12D (2 (1Z). [e)).
A

This implies the identification

H7((Z2]. [en]) = Va((Z]) (H? ((Z]. [a)).

forall p </, — 1 as asserted in (iv).
Finally, combining this with the isomorphism in (i) yields the orthogonal
decomposition

H’(Oz,) = Vi([Z]) & 8z, -H" (2], [o]) (4.42)
Ir—1
= [P nzh (1 (2).[2)) | ® 5z, - BT ((Z], [a])
p=0
IZA—I
= | P vazy B2 (2] (@) | @ 82, - W (2], [o])
p=0
IZA_I
= | D B (Z] ) | @62, -HT (2], [))
p=0
which implies the last assertion in (iv). ]

4.2 The Sheaf of Semisimple Lie Algebras Gr

In this subsection we determine the semisimple part G~ of the sheaf of Lie algebras

Q~F. The essential part of the argument is a consideration of the restriction of the
sheaf G- to the fibres of the projection

7:Jr—T. (4.43)

So we fix the fibre J 7 of the morphism 7 in (4.43) over a point [Z] € I" and denote
by
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&) = 6((Z]. [e]) (resp. g(la]) = G(|Z]. [a])). (4.44)

the fibre of g"p (resp. G1) at ([Z]. [«]) € J,.In particular, we have the structure
decomposition

g([a]) = c® g([]).

where ¢ is the fibre of the center C at ([Z], [«]) € J,. We have seen in §4.1,
Lemma 4.7, that ¢ depends only on [Z]. We show that the same holds for g([«]) and
hence for g([a]).

Let Z' = Spec(H_;.([Z])) as defined? in (4.6) and let

H(07) = P (2] (4.45)
A

be the weight decomposition of H°(Oz/) under the c-action as in (4.24). In
particular, we have

(@ &(le]) C B, gl(Va(Z])).
(b) ¢ @A CidVA([z]) = Center(@l el(Vi([Z2)]))),
where the first inclusion is obvious, while the first isomorphism in (b) is Remark 4.8.

Proposition 4.14. If g([a]) # O, for some [a] € J2, then

g(le)) = P s (2))).
A

In particular, g([e]) is independent of o] € J 7.

Proof. Let h([«]) be the centralizer of D(H([Z], [«])), where D is as in (2.61). By
Proposition 4.1 this is a Cartan subalgebra of g([«]) and we have the decomposition

h([e]) = ¢ @ h([]).

where h([«]) is a Cartan subalgebra of g([«]).

From Remark 4.2 we know that h([a]) can be identified with a subspace of
the ring of functions H°(O/) and its action on H%(Oz/) is identified with the
multiplication in H°(O). In particular, the vectors §,»(p’ € Z'), are the weight
vectors of the action of h([a]) on H°(Oy/).

Let h(Ja])* be the vector space dual to h([e]) and let R([«]) be the set of roots
of g(Jae]) with respect to the Cartan subalgebra h([«]).

Fix the points in Z’ in some order. This fixes the order on the basis

{8y | p'€Z} (4.46)

2We use the fact, proved in Lemma 3.1, (2), that ﬁ—lr is constant along J z-
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and from now on we can identify gl(H°(0/)) with the Lie algebra gl ;,(C), where
we put

d =degZ'. (4.47)

Then the set of coroots lé([oc]) will be identified with a subset of integer-valued
matrices in gl ;- (C). Hence the set of coroots R ([]) is independent of the continuous
parameter [o] € J. Since R([e]) spans the Cartan subalgebra h([a]) we deduce that
h([]) = h is independent of [«] € Jz. This combined with Lemma 4.7 implies

h(je]) =h=c®h (4.48)

is independent of [«] € Js.

Observe that the basis of H°(07/) fixed in (4.46) allows us to identify the space
of diagonal matrices of gl (C) with the space of functions H°(Oz/) on Z'. This
identification implies an inclusion

hc H(O2). (4.49)

We claim that the equality holds.
Claim4.15. h=c®h = H(Oy).

Let us assume this and complete the proof of the proposition. For this consider
the Cartan decomposition of g([ee]) with respect to h

gle) =ha| P gl | .
E€R([a])

where g([c])¢ is the root space of g([«]) corresponding to aroot £ € R([«]). Choose
aroot vector E¢([]), a generator of the root space g([«])¢, for every £ € R([]).

Let E,y , be the endomorphism of H°(Oz/) which takes 8, to §,» and kills all
other vectors of our basis in (4.46). Then the set { £, ,} 7 y7ez forms the standard
basis of gl(H°(Oz/)). We will show that the root vectors E¢([a]) can be chosen to
be in the standard basis. For this write

Ec(la) =) cpgEpy - (4.50)
P

Extend £ by zero on the center ¢ and view the roots of g([]) as linear functions
onh=coh = H O(QZ/), where the second equality is Claim 4.15. Applying
ad(h) to (4.50), for h € h, we obtain

EME()) =Y cpglh Eyyl =Y g h(p) —h@)NEyy . (451)

r.q g
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This yields
cp g (h(p)—h(g)—E) =0, Yp' #q € Z and Yh € H(Oz). (4.52)

Observe that in this relation we use the identification h = H°(Oz/) provided by
Claim 4.15 and view & as a function on Z’.
Set

Zi = {(¢'.p)eZ xZ'cyqy #0}.
For every (¢', p') € Z é the equality (4.52) yields

h(p') = h(g") = &(h) = 0. Yh € H(Oz). (4.53)
This implies that the restrictions of the projections
. / /
€j . Zé — 7

on the j-th factor of Z' x Z', for j = 1,2,1s injective.
Set Zg = ej(Zg),forj = 1,2, and let

e =eoe' 1 Z} — Z; (4.54)

be the corresponding bijection. With this notation in mind we rewrite (4.50) as
follows

E(fe]) = Y crigra Erigra - (4.55)
q’GZE1

We want to show that Zg is a single point. For this examine the positions of the
subsets Z é_l and Z § in Z’ relative to each other.

Case 1: Zél # ZEZ. In this situation we can find a point p’ in Z’ which belongs
exactly to one of these sets, say p’ € Z;g_l and p’' & Z?. Take the function §,/ and

observe that the multiplication by this function in H %(Oz/) corresponds to the
endomorphism H,s := E, , € h. Applying ad(H ) to (4.55) we obtain

§(Hy)Ee([a]) = Z Cle(q).q’ 8y (") =8, (q’))Ezg(,,/),,,/ = —Cle(p).p' Ele(p).p -
q’eZs1

This implies that the root vector E¢([er]) can be chosen to be Ej, ()., for some
peZz.

Case 2: Z El = Zg. We show that this situation is impossible. Indeed, take p’ €
Z El and go through the above calculation to obtain the following

S(Hp’)EE([a]) = _Clg(p/),p’Els(p/),p’ + Cp/slé_l(P/)EP/Jé_l(P/) . (456)
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This implies
Zl _ / Z—l / _ ZZ _ / Z i
g—{l” £ ()} = g—{P, g(p)}.

Hence Z;g_l = Z§ = {p’.q'}, for some two distinct points p’, ¢’ € Z’ and ¢ is the
transposition of these points. With this notation (4.56) takes the following form

§(Hy)Ee([a]) = —cq p Eq pr +Cpr g Ep g -
This yields the system of equations

% S(Hp’)cq’,p’ = _Cq’.,p'
E(Hp/)cp/’q/ = cp’,q’

which is clearly impossible.

Thus we have shown that root vectors of g(Ja]) can be chosen to lie in the set
VEp ¢’} pr#q’ ez - Furthermore, g([o]) must preserve the subspaces

n(z) = @ csy.

PEZ;

for every weight A occurring in (4.45) and where the description of V) ([Z]) is given
in Lemma 4.4. Hence the root vectors of g(Jor]) can be chosen to be in the subset

U{Ep/,q/}p/séq/ezi 5
A

where the union is taken over the weights A with d; = degZ} > 2.

Fix such Z]. It remains to be proved that every E /o, for p’ # q" € Z} is aroot
vector of g([a]).

First we show that for every p’ € Z] an element E  , is a root vector of g([«]),
for some ¢’ € Z) \ {p’}. Suppose this is not the case. Then H, commutes with
g([a]) and hence, belongs to the center ¢ of g([r]). By Lemma 4.4, H,/, viewed as a
function on Z’, must be constant on Z i However, H, corresponds to the function
§,. This means that Z) = {p’} contrary to the assumption degZ; > 2.

Let {p],.... p;i} be an ordering of the points in Z; such that the root vectors

{El,z,...,Ej_l,j}

form a longest uninterrupted string of root vectors in the set { Ex ,u } <t n< > where
we write Ey, instead of E; /. If j = d;, then we are done. Assume j < dj.
Then the elements Ej, with 1 < k # m < j are all in g([e]) and they
generate the Lie subalgebra of g([o]) which can be identified with sl(V;), where
vV, =@_,Cs p,- Furthermore, the root vectors of g([a]) which are not in sl(V;)
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are of the form E;; with s,¢ > j, since otherwise we could make our string longer.
Set V/ = Py.; Cs p,- Then the considerations above imply an inclusion

g([a]) Csl(V;) @ sl(V/).

From this it follows that the endomorphism

J
He; =) H;
k=1

is in the center of g([«]). Hence the corresponding function

J
8<j = Z Sy
k=1

must be constant on Z i (see Lemma 4.4). But this contradicts the assumption that
Jj <d;=degZ).

We now turn to Claim 4.15. Identify the Cartan subalgebra h =c@hasa
subspace of H°(Oz). We already know from the first part of the proof that this
subspace does not depend on [«] in Jz [see (4.48)]. On the other hand we have an

inclusion ~ ~
H([Z],[e]) C h,

for all [] € Jz. In particular, consider a path a(¢€) = o + €f in E xt), passing
through « in the direction of . For all € € C with |e] sufficiently small, the points
[ (€)] lie in Jz and we have an inclusion

H([Z]. [e(€)]) C h, (4.57)

for all € in a small disk B, around 0 € C.
As in the proof of Claim 2.6, (2.38), we write

H([Z]. [a(e)]) = (—)H([Z] [@]) = +€ﬂ H([Z].[2]) = e,
where t = £ € H([Z], [«]). This and (4.57) imply
,Ja]) C h, (4.58)

1+ et

for all ¢ € B.. Taking the e-expansion we deduce that *H([Z].[e]) C h, for all
k € Zsp and forall ¢t € H([Z]. [«]). Hence H_ll (2], [«]) = H°(Oz) C h. This
together with (4.49) yield the equality



62 4 The Sheaf of Lie Algebras Gr
h=H'0z)

asserted in Claim 4.15. O

At this stage we have a complete description of the Lie algebras g”p ([Z], [«]), for

(Z],[«)) € Jr, and their relation to the geometry of the underlying configurations
Z C X with [Z] € T". This is summarized in the following statement.

Theorem 4.16. Let Z be a configuration on X with [Z] € T, where I is an
admissible component in C"(L,d) subject to the conventions in §2.7. Let Jz be
the fibre of the projection 5 5

am:Jr—T
over[Z] e I. Then the following holds.

1) The Lie algebra QF([Z], [ee]) and its center CT([Z], [a]), the fibres, respectively
of g} and Cr, at ([Z], [«]), are independent of [a] € Jz. These Lie algebras
will be denoted QF([Z]) and C1 ([Z]) respectively.

The subspace I:I_[F([Z]) = IjI_b,([Z], [@]) of the filtration H_, in (2.30) at
([Z], [«]) is independent of ] € Jz and it decomposes into the direct sum

2

~

Ho ([2) = P V(2]
A

of the weight spaces under the action of the center C[Z], where V) ([Z]) is the
weight space corresponding to a weight A. Furthermore, the weights occurring
in the above decomposition form a basis of (Cr([Z]))*, the space dual to C1[Z].

3) The Lie algebra g} ([Z]) has the following form

~

Gr(12) = Pami(2)).
A

4) The configuration Z admits a decomposition into the disjoint union

Z:UZA
A

of subconfigurations Z indexed by the weights occurring in the weight decom-
position of H_;.([Z]) in (2). Each subconfiguration Z, has the following
properties

(i) H(Oz,) = Vi([Z]) - H*(Oz) where “-” stands for the multiplication in the
ring H°(Oy).

(ii) Zj is L-special whose index of L-speciality (defined in (2.16)) is given by the
formula

~

8(L.23) = dim (Vi(ZD [ H-1(1Z]. ) -
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where I:I_l((u[Z], [@])) = H([Z].[«]) is the fibre of the sheaf H_; = H at
(2] [e]) € Jr.

Proof. Everything has been already proved. For the convenience of the reader we
give the list of references, where the proofs could be found.

Part (1) is proved in Lemma 4.7, for the center C[~([Z]), and in Proposition 4.14,
for the Lie algebra g~1- ([Z)D.

Part (2) is proved in Lemmas 3.1, 4.7. The last assertion in (2) follows from
Proposition 4.6, (2).

Parts (3) and (4) are Proposition 4.14 and Corollary 4.13, respectively. O

With the fibrewise study of g"r completed we turn now to its global properties.

Proposition 4.17. 1) If the sheaf of semisimple algebras G-= 0, then
or =Cr 2Hg0; =Hy,
where the second identification is given by the morphism
D:H— G C End(F)

in(2.61).
2) If the sheaf G # O, then it is locally free.

Proof. If G = 0, then for every local section ¢ of H the components DE (1) = 0
([R1], Lemma 7.6). This implies that g’"F is abelian. Hence the first equality and the
second isomorphism in (1). Furthermore, the multiplication by ¢ preserves H, ie H
is a sheaf of subrings of I:I_/r. Since the latter, by definition, is the subsheaf of rings
in F generated by H, we deduce the second equality in (1).

The assertion (2) follows from a well-known fact that local deformations of a
semisimple Lie algebras are trivial. O

Corollary 4.18. The subsheaf of centers CT and the sheaf of Lie algebras g} are
locally free.

Proof. The first assertion together with the structure decomposition in (4.1) and
Proposition 4.17, (2) imply that the sheaf G- is locally free. So it is enough to prove
that Cy- is locally free. For this we argue according to two cases in Proposition 4.17.

If QF = 0, then by Proposition 4.17, (1), the center CF is isomorphic to the sheaf
H which is locally free on Jr.

If Gr# 0, then we consider the sheaf C(ﬁ) which is, according to Propo-
sition 4.1, a subsheaf of Cartan subalgebras of g"r and has the direct sum
decomposition _

CH)y=CreHr, (4.59)

where H 1 is a subsheaf of Cartan subalgebras of G~ [see (4.3) and (4.4)]. From
Claim 4.15 it follows
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CH) = n*(F)=H_,,

where the equality comes from Corollary 3.3. In particular, C (ﬁ) is locally free.
This together with the direct sum decomposition in (4.59) imply that Cr~ is locally
free. O

Remark 4.19. From Corollary 4.18 it follows that the assumption on the rank of
Cr made in Proposition 4.9 is unnecessary.

Our study distinguishes two types of components I" in C”, (L, d) according to
whether the sheaf of Lie algebras g"p is abelian or not. This motivates the following

definition.

adm

Definition 4.20. 1) A componentI'in C), (L,d) is called quasi-abelian (we will
often abbreviate—q-a) if the sheaf of Lie algebras g"r is abelian or, equivalently,
the sheaf G = 0.

2) A configuration Z C X is called quasi-abelian if there exists a g-a component
FeC’, (L,d)suchthat[Z] e T.

adm

The following statement characterizes quasi-abelian components in terms of
properties of schemes and morphisms appearing in Corollary 4.10.

Corollary 4.21. If T" € C),, (L.d) is g-a, then the scheme of central welghts
Z! (Definition 4.11) coincides with the scheme Z[, i.e. the morphism f i
Corollary 4.10 is the identity. In particular,

pé:Z{a—)f‘

is an unramified covering of degree (r + 1).

Proof. From Proposition 4.17, (1), it follows that the sheaf F, " defining the scheme
Z! (see Corollary 4.10) pulled back by 7 coincides with H, i.e.

n*F, =

The second equality H = I:I_IF in Proposition 4.17, (1), and the definition of the
scheme Z[. in Corollary 3.3 imply the equality Z] = Z{. a

On the opposite extreme of quasi-abelian components one has components I" €
(L, d) with the center Cr being trivial.

adm

Definition 4.22. 1) A component I' in C/, (L,d) is called simple if the rank
rk(Cr) of the center Cy is equal to 1.

2) A configuration Z C X is called simple if there exists a simple component
recC’, (L,d)suchthat[Z]eT.

adm

The above terminology is justified in view of the following result.

Corollary 4.23. Let I be a simple componentin C', (L,d). Then

adm
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Gr = 7" @(F)) = 05, & 7*(sI(F)),

where gl(A) (resp. sl(A)) stands for the sheaf of endomorphisms (resp. traceless
endomorphisms) of a locally free sheaf A. In particular, an admissible component
I" is simple if and only if the sheaf G is a sheaf of simple Lie algebras of type Adf,
where df. = rk(F’).

Proof. Observe that the identity endomorphism idz of F is always included

in H O(QF). So it generates the subsheaf of Cp isomorphic to Oy .. Thus by
Definition 4.22 a component I" € C/, (L, d) is simple if and only if

Cr =05, . (4.60)

This implies that we must be in the case (2) of Proposition 4.17, i.e. G # 0 (this
is because rk(H) = r + 1 > 2, where the inequality is our convention of » > 1 in
§2.7). We now apply Proposition 4.14 to deduce the equality

Gr =sl(@*F') = n*(sI(F')).
This together with (4.60) imply that the structure decomposition of g~1- is as follows

Gr = 05, @ T*(I(F)) = 7*(&(F)). u]

A supply of simple configurations is given by the classical algebro-geometric
notion of points in general position (see e.g. [G-H]).

Corollary 4.24. Let Z be a configuration of d points on X such that the index
of L-speciality §(L,Z) = r + 1 > 2 and d > r + 2. Assume Z to be in
general position with respect to the adjoint linear system |Kx + L|. Then Z is
simple.

Proof. Let I" be an admissible componentin C/, (L, d) containing [Z]. Then by
[R1], Corollary 7.13, H°(Oy) is an irreducible QF([Z], [@])-module, for any o €
Ext), such that ([Z],[«]) € Jr. This implies that the center C([Z], [¢]) is one
dimensional. Hence the rank of the center Cr is equal to 1. By Definition 4.22 the
component I is simple. O

The two kinds of components—quasi-abelian (Definition 4.20) and simple
(Definition 4.22)—are prototypical in a sense that a general situation can be reduced
to these two types. This is explained in the discussion below.

Let us go back to the diagram (4.27). To begin with, we explain how the reduction
alluded to above works on a fibre of the morphism p,.

Let [Z] be a point in I" and consider the decomposition

Z = Z Z) (4.61)

rep1(2)
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as in Corollary 4.13. We know that this decomposition is determined by the weight
decomposition

HOz)= @ 2]

rep1(2)

in (4.24), where Z' = f(Z). Denote by A(z; = p/"'([Z]) the set of weights of
this decomposition and divide it into two subsets according to the dimension of the
corresponding weight spaces

Ay ={A € Azy | dim(Vi([Z])) = 1} and
A = A € Ay | dim(Vi([2)) = 2} (4.62)

This separates the terms in (4.61) into two parts

zZ=2'+ ) Z. (4.63)
AeA[EZ?
where Z! = Z Zy.
AEA[,

On the side of the Lie algebra g~1- ([Z], [«]) we have the following decomposition

Gr((Z].[e]) = Cr(Z]. [e)@Gr(Z]. [a]) = Cr(Z]. [eDe| €D siva(2]) |,
reA]

(4.64)

where the second equality comes from Proposition 4.14. Furthermore, we can write

the center in the following way

cr(Z2lle) = | P gnz) || @ Cidvqz)

AeA(y reA]

Comparing the geometric decomposition in (4.63) with the Lie algebraic decom-

position in (4.64), we see that the subconfigurations Z, with A € A[ZZZ] are precisely

the ones which contribute simple factors into the decomposition of g}([z 1, [e])s

while the subconfiguration Z' contributes to the center of Gr([Z], [«]) only. Thus

on the basis of this matching between the subconfigurations in (4.61) and the
summands in (4.64) we deduce the following.

Theorem 4.25. Let I' be a component in C), (L,d) and let [Z] € . Then the
decomposition
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z=7z'+Y z
reAZ]
described in (4.63) provides the decomposition of Z into the disjoint union of
subconfigurations of two types

1) Z is simple, forall A € A[ZZZ]
2) Z'is quasi-abelian, provided” Card(A[lz]) > 2.

Furthermore, Z is quasi-abelian (resp. simple) if and only if A[zzz] = 0 (resp.
Aly =0 and Card(AZ}) = 1).

This result generalizes readily to the whole family of configurations p; : Zy —
I". To do this consider the morphism

pé:ZC/—>1:‘

in (4.27). Take our sheaf 7 on I" and consider its pullback (p’)*(F’) to Z.. By
definition Z/ is the variety parametrizing the weights of the action of the center Co
on F'. So we can think of points of Z/ as pairs ([Z], 1), where [Z] € [and A is a
weight occurring in the decomposition of H(07/) in (4.24). In this way we see that
the fibre (p.)*(F')(z12) = H*(Oz) at a point ([Z], 1) € Z! comes along with a
distinguished subspace V5 ([Z]), the weight subspace of H(O) corresponding to
A. As ([Z], A) varies in Z] the subspaces V; ([Z]) fit together to form a distinguished
subsheaf V of (p/)*(F’). Furthermore, the dimension of the fibre V,([Z]) of V at
([Z]. 1) € Z/ is equal to the degree of the fibre Z; of the morphism* f; in (4.27)
over ([Z], A). In particular, the fibre dimension of V is constant over every connected
component of Z/. Hence the restriction of V' to every connected component of Z/
is locally free.

We can now define a continuous version of the sets A; and A, in Theorem 4.25.
Namely, set 779(Z]) to be the set of connected’ components of Z!. For a connected
component W € my(Z]) denote by Vi the restriction of the sheaf V to W. By
analogy with (4.62) we divide the set of components my(Z]) into two disjoint
subsets

7y (2) = {W € m(Z))| rk(Vw) = 1} and
7 (2)) = {W e mo(Z))| rk(Vw) = 2}. (4.65)

3The assumption Card (A[IZ]) > 2is needed to insure that the index of L-speciality §(L, Z') > 2
which is our convention in §2.7.

“The equality dim(V,([Z])) = degZj follows from the fact that V;([Z]) can be canonically
identified with H°(O 7;) as it was done in the proof of Corollary 4.13.

3Since Z/ is smooth, this is the same as the set of irreducible components of Z.
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For every connected component W € m(Z)), set
Zy = f7TW) Zw = fTUEy) = [TTOV)

to be the inverse image of W by f/ and f. = f/ o f respectively. This gives us the
diagram analogous to the one in (4.27)

vy Wy

Zy z, w (4.66)

where "/ and W p, (resp. W £ and "p)) denote the restrictions to Zy (resp. Zj;)
of the morphisms f and p, (resp. f, and p}) in (4.27). Composing the horizontal
arrows in (4.60) gives the diagram

Ve
Zw w (4.67)
W;\ ] /Wp;
r
where " f. = Wf/ o Wf. With this notation in mind we have the following
decomposition of Z} into the disjoint union
Ze= || zw.
WGT[()(ZL{)
Setting
zl = |_| Zy (4.68)
wenrl(2l)

gives the following decomposition of Zj. into the disjoint union

ze=2zlul || 2w]. (4.69)
wexZ2(zl)
Thus one obtains the following “continuous” analogue of Theorem 4.25.
Theorem 4.26. Let T be a component in C!, (L,d) and let Z| be its scheme of
central weights (Definition 4.11). Then the decomposition
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ze=zlu|l || 2w

wens(2l)

described in (4.69) provides the decomposition of Zy into the disjoint union of
families of subconfigurations of two types

1) V. Zw — W is afamily of simple configurations, for all W € ]TOZZ(ZC/,),
2) 2! — Tisa family of quasi-abelian configurations, provided the covering

DL |_| W —T
Wend(2))

has degree® > 2, i.e. ZWen(}(Z;) deg(Mpl) > 2.

Furthermore, I is quasi-abelian (resp. simple) if and only ithOZZ(ZC’) = 0 (resp.
z =T).

This result shows that the study of configurations on X can be reduced to
either quasi-abelian or simple ones. It should be also clear that the quasi-abelian
configurations are quite special and to our mind are akin to hyperelliptic divisors
on curves.’ On the other hand, if T is neither quasi-abelian nor simple, then the set
nozz (Z/) is not empty. So replacing the original family p, : Zx —> I by the family

Wt Zw — W

in (4.67), corresponding to a connected component W € nozz (Z!), we obtain a
reduction to a family of simple conﬁgurations Thus in studying the components of
C"(L,d), the assumption that the set C’, (L,d) contains simple components is
not essential.

adm

4.3 A Natural Grading of Gr

Let " be a component in C!, (L,d) and let gr be the corresponding sheaf of
Lie algebras on J . As it was recalled in §2.6 this sheaf is generated by certain local
sections of End(H_;,.) of degree +1 and 0 with respect to the grading on H_ll given
by the orthogonal decomposition

5The degree assumption is needed for the same reason as in the footnote in Theorem 4.25, (2).
7A study of the quasi-abelian configurations will appear elsewhere.
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Ir—1

0, =@n’ (4.70)
p=0

asin (2.51), for i = Ip. Thus the sheaf g”p comes along with a natural grading

Ir—1

ér= @ 9, 4.71)

i=—(r—1)

where the subsheaf G, is formed by local sections ¢ of g"p of degree i with respect
to the grading in (4.70), i.e. the restriction of ¢ to a summand H? is a local section
of Hom(H?, HP*), forevery p € {0,1,...,Ir — 1}. With this gradation the sheaf
G becomes a sheaf of graded Lie algebras (see [R1], (7.7), for details).

The same holds for the subsheaf G- = [g~[~ , g~1~]:

Ir—1

gr= @ g, (4.72)

i=—(r—1)
while from the study of the center C» in §4.1 we know that its local sections are
grading preserving, i.e.

cr c G} (4.73)

Observe that g~‘1)., is the subsheaf of Lie subalgebras of g}. Then the structure
decomposition in (4.1) together with the inclusion in (4.73) give the following

Gl =Cr @ gY.. (4.74)

Furthermore, by [R1], Proposition 7.17, g% is a subsheaf of reductive Lie subalge-
bras of G- and the structure decomposition for it yields

G =Cr ®°Gl., (4.75)

where C‘f, and ‘g% = [GY., g%] are, respectively, the center and the semisimple

part of g‘ll.

We will now give a more detailed description of the gradation of G~ in (4.72)

in the case of I" being a simple componentin C;, (L.d).

By Corollary 4.23 the sheaf g"p (resp. Gr) is the pullback of gI(F’) (resp.
sl(F")) by the natural projection 7 : Jr —> T Thus we obtain
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Gr = 7 gl(F) = gl(x*(F')) = gl(F') (4.76)
gr = n*sI(F) = sl(z*(F)) = sl(F)), 4.77)

where we set y
F = a*(F). (4.78)

Our first step in understanding the grading (4.72) in the case of I" being simple
is to calculate g% (resp. ‘g%).

Proposition 4.27. Let T be a simple componentin C!, (L,d). Then
Ir—1

'G'r = @ si(H?)

p=0

and the center C(l)_, is the subsheaf of G, , whose local sections ¢ have the following

form
Ir—1

¢ = Z L’pide ,
p=0

where c,’s are local sections of (’)j[, such that

Ir—1

Zcp =0
p=0

Proof. The result follows immediately from (4.77) and the orthogonal decomposi-
tion of F in (4.70). O

To describe other graded pieces g% of Gr in the decomposition (4.72) it is useful
to make a general observation:

each g; isa gg -module and, in particular, it is C(ll -module.

We return now to the case of I' being simple and describe g;, fori # 0, together
with its weight decomposition under the action of CY,.
Set e, = idyyr to be the identity endomorphism of H” and let

C° = Cley,....en—1} (4.79)
be the complex vector space spanned by ey, . . . , ¢;.—1. Denote by (C°)* the dual of
CcY, equipped with the basis o, ..., u;-—1 dualto e, ..., e;— and set

R (4.80)
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Then v;;, for i # j, is easily seen to be the weight of C%-action on Hom(H/, H').
This gives the following.

Proposition 4.28. Let I be a simple component in C}, (L,d). Then for every
i # 0, one has
Ir—1
Gr = @ Homm? B,
p=0

where the direct sum on the right hand side is the weight decomposition of gi, under
the action of COF with the summand Hom(H? ,HP*1) being the weight-subsheaf

corresponding to the weight v,; , in (4.80), for p =0, ..., Ir — 1. Furthermore,
the summands Hom(HP , HP ") are irreducible sg‘ll -modules.

Proof. All the assertions are immediate from (4.77), the orthogonal decomposition
of 7' in (4.70) and Proposition 4.27. a

Substituting the decompositions of Proposition 4.28 into (4.72) yields
-9 i Wi
gr =gl.e | PHom@ H) | . (4.81)
i#j
the decomposition of G~ into the weight-sheaves of C%-action.

Remark 4.29. Observe that the set
Ry ={vi|i #j€{0,....Ir—1}} (4.82)
can also be identified with the set of roots of sl;. (C). Setting
W,, = Hom(H/,H') (4.83)
the decomposition in (4.81) can be rewritten as follows
gr=6re| P w|. (4.84)
VERy
Let us also observe that the appearance of sl;. (C) with a distinguished set of roots
R;. (and its polarization) is determined by the orthogonal decomposition (4.70)

and the triangular decomposition (2.63). Indeed, the decomposition (4.70) and the
operators D¥ in (2.63) can be viewed as the following quiver

0 1 2 Ir—1

<><> O (4.85)
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The vertices are labeled by integers {0, 1, ..., /r — 1} from left to right and represent
the summands H? (p = 0, ..., Ir—1) of the decomposition in (4.70) and the arrows
between the neighboring vertices p and (p + 1) represent the action of operators
D;’ (the upper arrow) and Dp_ 11 (lower arrow), where D]jf is the restriction to H”
of the operators D* in (2.63).

Take the ordered set of vertices {{0}, {1},...,{lr — 1}} of the quiver in (4.85)
and form the vector space

V = C{HON {1}, ... {Ir — 1}

The vectors e),’s in C % in (4.79) can be thought of as endomorphisms of V' fixing
the p-th vertex and annihilating all others. Thus C° becomes a distinguished Cartan
subalgebra of gl(1') while

gives a distinguished Cartan subalgebra of slI(V).
From this it follows that the set

Ry = Lol £ € 10— 1)

as in (4.82) is the set of roots of sl(V') with respect to the Cartan subalgebra hO.
Furthermore, the set

Rf ={v|0<i<j<Ir—1} (resp. R, ={vyj|lr—1=i>j >0}

is a subset of positive (resp. negative) roots of R;., while the roots v, = v, ,11
(resp. —vp), for p = 0,1,...,Ir — 2, are positive (resp. negative) simple roots
of sl(V) with respect to the Cartan subalgebra ho. This way the edges of the
quiver in (4.85) can be identified with preferred generators of the root spaces
(sI(V)xv, (p = 0,1,...,Ir — 2), while the operators D; (resp. D), for
p = 0,1,...,Ir — 2, become representations of the edges of the quiver in the
category of Oy -modules.



Chapter 5
Period Maps and Torelli Problems

In this section we take a more geometric point of view on the orthogonal

decomposition
Ir—1

., =PH’ (5.1)

resulting from (2.51). Namely, we suggest to view it as a Hodge-like decomposition
and view the spaces {H”([Z], [@])} p=0.,...;r—1, the fibres of the sheaves H’s at
([Z],[a]) € Jr, as periods associated to points of Jr. This allows us to define
the period map(s) for Jr. Furthermore, the variation of these periods with respect
to [«] is related to the multiplication in I:I_IF by local sections of H = H° [see
(2.52) for this equality]. On the other hand, from the study of G~ in §4 we know
that the multiplication in H_lF coincides with the action of the sheaf C(H) of Cartan
subalgebras of QF (see Remark 4.2). Hence the results about QF and its action on
H_ll can be reinterpreted as properties of the aforementioned period map.

Once the period map for Jrisin place, one can formulate Torelli-type problems.
One of the main results of this section is that these problems have positive solution
precisely over simple components in the sense of Definition 4.22.

5.1 Definition of the Period Map(s) for J r

We begin with the sheaf F’ defined in Corollary 3.3 and set

F =a*F. (5.2)
This together with (3.4) give the equality

F =H_. (5.3)
1. Reider, Nonabelian Jacobian of Projective Surfaces, Lecture Notes 75

in Mathematics 2072, DOI 10.1007/978-3-642-35662-9_5,
© Springer-Verlag Berlin Heidelberg 2013
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Combining this with the orthogonal decomposition (5.1) we obtain

Ir—1
=H, = @ H”. (5.4)
Using the filtration F* in (2.47), we define
'F? = F” N F' (5.5)
to obtain the following filtration of F
F ="F >F' >...>Fr 1 >/Fr=o. (5.6)

From the orthogonal decomposition of F'in (5.4) and the orthogonal decomposition
of F? in (2.53) one deduces the orthogonal decomposition

Ir—1
'FP = @Hi. (5.7)
Set
GrP(F*) ='F?)'F? | for p=0,1,...,Ir — 1,
to be the associated graded sheaves and observe a natural identification
Gr?(F*) ~ H?, (5.8)

forevery p = 0,1,...,Ir — 1. This isomorphism together with Remark 2.9 imply

rk(GrP(F*)) = rk(H?) = h?. (5.9)
Define
W= (.. B (5.10)

to be the reduced Hilbert vector of I' (compare with the definition of Ar in
Lemma 2.3).

— -
Consider the scheme .’FL;; of relative partial flags of type A’ in F/, i.e
r
F L;; is the scheme over I' with the structure morphism
r
—>

Flp: FL — r (5.11)
T
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such that the fibre F L;; ([Z]) over a closed point [Z] € T is the variety of partial
T

— - ~
flags of type /' in the vector space F’([Z]), the fibre of F” at [Z]. Recalling the
identification

F((z])) = H(Oz) (5.12)

in Corollary 3.3, where Z' = p5~'([Z]) is the fibre over [Z] of p} in (3.5), we can
describe the set of closed points of F L;; ([Z]) as follows
-

FL— (Z)
h'r
= {[F] = [HY©z)=F'>F'>..D>Fr—'>Fr =0]|dim(F?/FP+1=hY, for 0<p<ir—1} .
(5.13)
By the universality of F L7 we have the morphism
an
prdr — FLo (5.14)
r

of I'-schemes which sends closed points ([Z], [«]) of Jr to the partial flag

[F*([Z], [@])] = [H(©,)="F(Z].l) >'F'(1Z].[e])>...D FT =} (1Z],[e])) D F'T (2] [} =0]

(5.15)
determined by the filtration (5.6) at ([Z], [«]).
Definition 5.1. The morphism pr in (5.14) is called the period map of Jr.
Set
Tﬁr = 7'.7:[:7 s (5.16)

—
to be the relative tangent sheaf of the morphism F'/r in (5.11). This is a locally free

—
sheaf on .7-'[17 , since Flr is a smooth morphism. Its dual T*F7 is the relative
r r

—_
cotangent sheaf of F/. Invoking our convention in §2.7 we denote by T *ﬁ (resp.
.
T = ) the relative cotangent (resp. tangent) bundle over F. LZ]—; . Thus T *_7 is the
r '

Flr
scheme over F. LZ]—; with the structure morphism
nr

0:TL, — FL (5.17)
Fl1 h'r

r

of schemes over I". In particular, the fibre of T* P over a point [Z] € I is the

cotangent bundle 7" ,7-' £ (@) of the variety of partlal flags F £—> ([Z]) in (5.13).
W
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It is well-known that TJ__ E?’r (2 has the following description

k
TJ’-'£7F<[ZD
[FI=[H*(0,)=F'>..DF >F 15 SFr=q),
=S ([F]l,x) € .7-'[17 (Z)XEnd(H®(O 41)) x(FhcFi+ Vizo.
T
(5.18)
Let

T =Ty )¢ (5.19)

be the relative tangent bundle' of the natural projection
7:Jr—T. (5.20)

We will now define a canonical lifting of the period map pr in (5.14) to a

morphism from 77, to the relative cotangent bundle T *ﬁ .
-

Proposition 5.2. There exists a distinguished morphism

pt T — T (5.21)
Flp
for which the diagram
Pr
T, —— T%, (5.22)
i Fir
. pr l
Jr — FL>
h'r
commutes.”

Proof. First we recall from [R1], Proposition 1.4, that there is a distinguished
isomorphism ~
M :H/O5. — Ty . (5.23)

Also recall the morphism D in (2.61) together with its triangular decomposition
(2.63). Taking the component D gives the morphism

DY H — Gr C End(F)) (5.24)

! According to our convention in §2.7 the relative tangent sheaf is denoted by 7.
2The vertical arrows in the diagram (5.22) are the natural projection.
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Since D% vanishes® on Oj,.. we deduce that D™ factors through the quotient
H/ Oj,.- The resulting morphism

DT :H/O;, — Gr C End(F') (5.25)

still will be denoted by D+. Composing it with the inverse M ~! of M in (5.23) we
obtain the morphism ~
dt T, — Gr C End(F)). (5.26)

Furthermore, the image of d7 is contained in the summand GL of the decom-

position of G in (4.72), i.e. for a tangent vector v in the fibre of 7, at a point
([Z].[«]) € Jr. the endomorphism

d(TZ],[a]) W) : F'((Z]) = H*(Oz) — H°(Oz)

has degree 1 with respect to the grading in (5.1), where d(-E_Z],[a]) stands for the

restriction of d T to the fibre at ([Z], [¢]) and d(TZ],[a]) (v) is the value of d(J[rZ],[a]) at
v. Thus given a closed point ([Z], [@],v) € Ty, the point (pr([Z], [«]), d(?'z]’[a]) )

lies, according to the description in (5.18), in T;: ‘Cﬁr([z]). Hence setting

pi(Z)[edv) = (pr((Z). [e]). dfy, ) ) (5.27)
gives a well-defined map

+ . *
pr . Tﬂ —> TF?F .
Since the formula in (5.27) depends holomorphically on all parameters in
(IZ], [@], v) it follows that pli' is a morphism of varieties.
The commutativity of the diagram in (5.22) is part of the definition of pli' in
(5.27). O

From the identification in (5.3) it also follows that F” carries the filtration H_, in
(2.30). This gives rise to a companion period map which will be denoted °” pr and
called the opposite of pr:

Ppr e — FLe (5.28)
.

3This vanishing comes from the following two facts: (1) the inclusion Oy, = H takes the constant
section 15 of Oy to the section /g of H whose value 1o([Z], [«]) = 1, € H([Z],[«]) is the

constant function of value 1 on Z, for every ([Z],[e]) € Jr; (2) DT (r) = 0, for any constant
function z on Z.
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where F LZ;—, is the scheme of relative partial flags in F' determined by the opposite
nr
reduced Hilbert vector

(_/ Ir—1 0
h'r=(hy ... hp). (5.29)
This means that F L<h—, is the scheme over I" with the structure morphism
r

< .
Flr: .’FL<h—, — T (5.30)
T

such that the fibre F £<h—, ([Z]) over a closed point [Z] € I is the variety of partial
-
flags of type (h_’p in the vector space F'([Z]) = H°(Oyz), i.. the set of closed
points of .’F'L<h—, ([Z]) is as follows
T
FLs (2)
I

= {[F] = [H"(O4)=Fy DFip—1D..DF{DFo=0l|dim(F,4/Fp)=h?, for 0<p<Ir—1} .
(5.31)

By definition, the map °” pr in (5.28) is a morphism of schemes over I" which
sends a closed point ([Z], [«]) € Jr to the partial flag °” pr([Z], [«]) determined by
the filtration H_,, i.e. we have

pr((Z],[e]) = [H*(Oz) = Aoy (1Z], []) O ... D Ho1(IZ], [e]) D Ho([Z]. [e]) = 0].

(5.32)
This morphism also admits a distinguished lifting
pr T — Tl;_lr (5.33)
defined* by the formula
pr(Z) 10l.v) = (7 pr((Z]. [o]), iz ) (534)
for every closed point ([Z], [«],v) € Ty. In this formula the morphism
d~: T, — Gr C End(F) (5.35)

<
iT fF_l stands for the relative cotangent bundle of the structure morphism F[ in (5.30).
r
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is defined by composing the inverse of M in (5.23) with the morphism
D™ :H/O5 — Gr C End(F') (5.36)

defined in the same manner as D% [see (5.24) and (5.25)] with the only difference
of using the component D~ of the triangular decomposition in (2.63), instead of
D™ used in the proof of Proposition 5.2.

Remark 5.3. 1) In the sequel the value of d* on a tangent vector v at a point
([Z].[a]) € Jr will be denoted by d*(v) (with the reference to ([Z], [e])
omitted).

2) To calculate d*(v) one takes any lifting of M~!(v) € H([Z].[])/C{1,} to a
vector 7 in H([Z], [«]). Then

d*(v) = DE(®) (5.37)

In the sequel we refer to such v as a lifting of v.

The two period maps, pr and °P pr, are related by taking the orthogonal
complement with respect to the quadratic form q defined Fin (2.42), i.e. 'F? in
(5.7) is the orthogonal complementin 7' = H_;. of H_, = @? ;(i H'. This will be
expressed as the orthogonality between two morphisms

" pr)*t = pr. (5.38)

The liftings pljf are related by the operation of taking the adjoint (with respect to the
quadratic form q in F")

()2 End(F'y — End(F). (5.39)

In particular, for every local section ¢ of H, the local sections D= (¢) of End(F’) are
adjoint to each other (see [R1], §7, Definition 7.16, for more details), i.e.

(D) =DF ().
This leads to the following identities:
dH"=dT and (pH)*F = pT. (5.40)

The definition of the liftings pljf is based on the triangular decomposition (2.63).
Hence, these morphisms are of algebraic nature. The upshot of the subsequent
discussion is to show that they are related in an explicit functorial way to the
derivatives of the period maps pr and °7 pr along the directions of the fibres of
the natural projection 7 : Jr—T.
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5.2 The Relative Derivatives of pr and °? pr

Let d,(°? pr) (resp. d,(pr)) be the relative differential of °” pr (resp. pr), i.e.
d(°? pr) (resp. d, (pr)) is the restriction of the differential d(°” pr) (resp. d(pr))
to the relative tangent sheaf 7, of the natural projection

b/ jp —> f .
Since the morphisms °” pr and pr are morphisms of I"-schemes their relative

differentials are morphisms between the relative tangent bundles of Jrand F L<h7
r

and .7-'[17 respectively:
r
d(Ppr): Ty — T+« , di(pr): Ty — T— . (5.41)
Fir Fir

Equivalently, on the level of sheaves one has

d("pr): T — ("pl?r)*T;,—lF , (5.42)
d.(pr): T, — (PF)*T;;F . (5.43)

Proposition 5.4. The relative differentials d,(°? pr) and d(pr) satisfy Griffiths
transversality condition

de(Ppr) : Ty — @2 Hom(H_y, /H 1, Hopo /H-,),  (5.44)

dr(pr): T, —> @2 Hom('F" //F"+1 /Fn=! J'/F")

Furthermore, let d; (° pr)m (resp. d(pr)m) be the m-th component of d (°? pr)
(resp. dx(pr)). Then for any local section v of T, and any local section h (resp. ¢)
of H_,, (resp. 'F™) one has the following:

a) dy(°? pr)mW)(h) = —m¥ - h (mod H_,,),
b) d:(pr)m(v)(¢p) = mv - ¢ (mod'F"),

where v stands for an arbitrary lifting of M~'(v) to a local section of H and v - h
(resp. v - ¢) stands for the product in F' and it is independent of a lifting chosen
after factoring out by H_,, (resp. "F™).
Proof. 1t is enough to consider the situation fibrewise. For this fix a closed point
[Z] € I and let Jjz; be the fibre of = : Jr — I' over [Z]. Recall that Jjz; is a
non-empty Zariski open subset of ]P’(Extlz). So, given a point [¢] € J [z]> the fibre
T:([Z], [e]) of Ty at ([Z], [e]) is the tangent space TP(EXAL)’[OZ] of P(Ext}) at [a].
Let v be a tangent vector of P(Ext}) at a point [«] € J (z] and let a(€) be an arc
inJ [z] passing through [«] in the direction of v. Using a canonical identification of
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the tangent space 7, ([Z], [«]) = T]P(Exrlé o] With Ext}, /Ca we may choose this arc
so that it comes from the arc
a(e) =a+e€p

in Extl,, where € is in a small disk around 0 in C and B € Ext, is such that
v = B (mod Ca).

Using the identifications in (2.36) and (2.38) we have

).
(5.45)
where ¢t = é € H([Z].[«]). Furthermore, from the definition of the isomorphism
o

M in (5.23) it follows that 7 is a lifting of M~'(v) e H([Z], [«])/C{12}.
By definition of H_,, ([Z], «(¢€)) in (2.24) and (5.45) we have

H([Z],a(e)) = H((Z]. [a(e)]) = H((Z], []) = 1

o
a+ep

H_, ([Z]. a(e)) = mﬁ_mdn [a]) . (5.46)

This implies that for every & € H_,,([Z]. [«]) the expression

1

is a section of H_,, over the arc «(¢). Hence, by definition, the value d, (°” pr)(v)
of the relative differential of °” pr at ([Z], [«]), along the vector v, is given by the
linear maps

H_,([Z].[e)) — H"(Oz)/H_,([Z].[a]), (m=1,....Ir = 1)

which sends & € H_,,([Z], []) to the vector

d - ~
2 1©) B (modH-,([Z]. [a])) = —mth (mod H—,,([Z]. [a])) ,

where the last equivalence follows from the e-expansion of the right hand
side in (5.47). This proves the formula (a) of the proposition and implies
that d,(°? pr)(v) restricted to H_,,([Z],[«]) takes its values in the subspace
H_,_1([Z].[e])/H_,([Z].[]) of H'(Oz)/H_,([Z].[a]). Hence the Griffiths
transversality condition for d, (°7 pr).

Turning to the formula (b) of the proposition we use the orthogonality relation

(2], [e)) = (A (2], [a]) ™
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Let¢ € 'F"([Z], [a]). To calculate d, (pr)(¢) we choose a section ¢ (€) of "F™ over
the arc a(€) with ¢(0) = ¢. From (5.46) it follows

N 1
q(e(e), mh) =0, (5.48)

for all h € H_,, ([Z], [«]), where q stands for the bilinear symmetric form on F’

defined in (2.42). Taking the linear term of the e-expansion on the left hand side of
(5.48) we obtain

q(¢1 —mrg. h) = 0,
forall h € H_,,([Z]. [a]), where ¢; = L (¢(e))]__,. Hence
¢1 —mt¢ = 0 (mod F" ([Z], [])) -
This implies
d=(pr)(V)(¢) = ¢1 (mod 'F"([Z]. a])) = mt¢ (mod "F"([Z]. [a]))

as asserted by the formula (b) of the proposition. Since t¢ € 'F"~!([Z], [«]) the
above relation also yields Griffiths transversality for d, (pr). O

In view of the Griffiths transversality condition in (5.44) it will be convenient
to introduce graded sheaves associated to F' relative to two filtrations H_, and 'F®
defined in (2.30) and (5.6) respectively. Thus we set

Ir
Gry (F) =BGy (F), (5.49)
~ [ —1
Gripe(F') = @ Grite(F'), (5.50)

where the graded pieces are defined as follows
Gri (F)=H_,/H 11, (5.51)
Grite(F') = "F")/F"+1 (5.52)

Using the translation functor in the category of graded sheaves we can rewrite
the morphisms in (5.44) in that category as follows.
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dx (" pr) : T —> Hom(Grg_ (F)).Gry_ (F)1]), (5.53)

do(pr) : Te —> Hom(Gre(F'), Gripe(F)[-1]) .

where Hom is taken in the category of graded sheaves.’

We aim at relating these morphisms with the morphisms ¢ * defined in (5.26) and
(5.35) respectively. Since the latter morphisms are defined algebraically, the virtue
of such a relation will be purely algebraic expressions for the relative differentials
of our period maps.

Our first task will be to recast d* as morphisms of 7, into the category of graded
sheaves as well. The main point here is the orthogonal decomposition in (5.4) which
makes F7 itself a graded sheaf. To stress this graded structure of F' we will write
F'®. Thus F'* is the sheaf F’ together with additional structure of the grading in
(5.4). With this in mind we can rewrite the morphisms d *+ as follows

d* : T, — Hom(F'"*, F*[£1]), (5.54)

where Hom is taken in the category of graded sheaves. 3 5
The second observation is that the three graded sheaves F'°, GrI!L (F,

Griye (F") involved in our consideration are naturally related.

Lemma 5.5. There are natural isomorphisms of graded sheaves

¢ F* — Grie(F),
v F— Gr}fl_.(f")[l].
Proof. From the orthogonal decomposition in (5.7) one obtains
'F" ="F"TN o H", VO<m < I — 1. (5.55)
This yields a canonical isomorphism
¢" H" = (F*)" — F"/F"T = Gripe (F)),
forevery m = 0,...,[r — 1. Putting them together yields the isomorphism
¢ = (&) 9")  F* — Gripw(F)

of graded sheaves.

SFor graded modules we always assume that a graded component is zero, if its degree is not in
the range of the grading. Thus, for example, for the graded module GrI:'I_ (F))[1], the component

Gri (POl =Grp Y (F) =o.
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To construct ¥ we use the identities
H_,=H_,. ®H"", Vli<m<I, (5.56)
resulting from Remark 2.9, (2.51). This yields a canonical isomorphism
pr T — B B = G (F) = (Gry (PO
forevery m = 1, ..., [r. Putting them together yields the isomorphism
vo= (@ y")  F— Gry (F)1]

of graded sheaves. O

_ Using the isomorphism v (resp. ¢) we can relate the sheaves Hom(F',
F'*[£1]), the target of the morphisms d*, with the targets of the morphisms
d(°" pr) and dy (pr), which are the sheaves Hom(Grg - (F, Grg (F)H[1]) and

Hom(Gr/ge (F), G1pe (F")[—1]), respectively.

Lemma 5.6. The isomorphism  (resp. ¢) induces the isomorphism

hom(y) : Hom(F'*, F*[1]) — Hom(Grg_ (F),Grg_(FH[1]).
(5.57)

(resp. hom(¢) : Hom(F'®, F'*[=1]) —> Hom(Gr'pe(F'), Griye (F)[~1]).)
(5.58)

Proof. To define hom(yr) take a local section a = (a”) of Hom(f’:,f”[l])
and define the local section hom(y)(a) of Hom(GrISL (F, Gr}fL (F)H[1]) by

requiring the diagram

m—1

H" ! H" (5.59)

Wm_l i \L wm

Grp (F) —— Grp*!(F)

to commute for all m > 1, i.e. the bottom horizontal arrow is (hom(y¥)(a))” given
by the formula

(hom(y) (@)™ = Y™ oa™ "o (y™ 7"

This clearly gives an isomorphism.
The definition of hom(¢) is completely analogous. O
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It turns out that the straightforward relationship d; (° pr) = hom(y)od ™ (resp.
d(pr) = hom(¢) o d ™) is incorrect. The following version of the formulas (a) and
(b) of Proposition 5.4 gives the correct relations between the relative derivatives of
our period maps and their algebraic counterparts—the morphisms d *.

Lemma 5.7. Let ([Z],[«]) be a closed point in Jr and let v be a tangent vector

in the fibre (T;)(z1je) ©f the relative tangent sheaf T, at ([Z],|a]). Denote

by d.(°’ pr)(v) (resp. d.(pr)(v)) the relative differential of °? pr (resp. pr) at
([Z], [e]) evaluated on v. Let d*(v) be the evaluation of the morphisms d* on
v. Then the following holds.

a) Foreverym € {1,...,Ir} the diagram

—md T (v)

B ((Z].[e]) —— H"([Z].[a])
wm—l Y

Gr]t;_.(ﬁ/)qz].[a]) _— Grli;’j.l(ﬁ/ﬂ[ll.[uh
dz (°Ppr)(v)

commutes.
b) Foreverym € {0,...,Ir — 1} the diagram

md = (v)
H"((Z]. [a]) — H"7/([Z].[e])

¢m ¢m—l

dx (pr)(v)
Grite (F)(Z)la) ———> Griie (F)(Z)la))

commutes.

(The vertical arrows in the above diagrams are the components of the isomorphisms
¢ and  in Lemma 5.5; all graded components are assumed to be zero, whenever
their degree is not in the range of a grading, see the footnote on page 85).

Proof. Let t be an element of H([Z], [«]) lifting M ~'(v) € H([Z].[«])/C{12},
where M is the isomorphism in (5.23) and 1 is the constant function of value 1 on
Z . Then the formula (a) in Proposition 5.4 reads as follows

d( pr)(v)(h) = —mth (mod H_,([Z]. [])) .

for any h € H"™'([Z].[«]) € H_,([Z].[«]), where the inclusion comes from
(5.56).
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Using the triangular decomposition (2.62) of the operator D(¢) of multiplication
by ¢, we write th in the above formula as follows

th =D~ (t)h + D°(t)h + D (t)h. (5.60)

Furthermore, the terms D~ (z)h and D°(z)h are in H_,, ([Z].[«]), for h e H_,
([Z], [@]). Combining this together with the definition of the isomorphism v in the
proof of Lemma 5.5, we obtain the following equality

dr (P pr)M Y () = —my™ (DT (0)h) = —my™(d T (h)

where the last equality follows from Remark 5.3, (5.37). Hence the commutativity
of the first diagram.
For the second diagram of the lemma, we use the formula (b) in Proposition 5.4
to obtain
dx(pr)(v)(h) = mth (mod ¥ ([Z]. [a])).

for any h € H"([Z], [«]) C 'F"™([Z], [«]), where the inclusion comes from (5.55).
Using the decomposition for #/ in (5.60) once again and observing that D (z)/ and
DO(t)h are in "F™([Z], [«]), for all h € H"([Z], [«]), we deduce

dx(pr)(v)(h) = mD™(t)h (mod 'F" ([Z]. [a])) .
By the definition of the isomorphism ¢ in Lemma 5.5 this yields

dx (pr)(W)(@" (h)) = m¢" " (D™ (1)h) = m¢" ™ (d~(W)h),

for all h € H"([Z], [¢]), and where the last equality is again Remark 5.3, (5.37).
Hence the commutativity of the second diagram of the lemma. O

From the diagrams in Lemma 5.7 we see that d,, (°” pr) (resp. d,(pr)), up to the
canonical identification provided by v (resp. ¢), coincides not with d ™ (resp. d ™)
as could be naively expected, but with its scaled version, where the scaling keeps
track of the degree of the grading of sheaves. The following general result gives a
functorial procedure for such scalings in the category of graded sheaves.

Lemma 5.8. Let M*® = @pEZ MP? be aZ-graded sheaf of modules and let c pqo €
Hom(M?®, M?®) be the “counting” endomorphism, i.e. the components of c pqe are

given by the formula

1
Mo = @idw. (5.61)

Given a morphism of sheaves

a: A— Hom(M®, M*[n]),
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for some integer n and with Hom functor taken in the category of graded sheaves,
one sets

c(a) == —ad(c)oa. (5.62)
Then the resulting morphism
c(a) : A — Hom(M®, M*®[n])

has the components given by the following formula

nn+1
c(@)" = —(nm + %)a'", VmeZ. (5.63)
Proof. This is an elementary straightforward calculation. O

Applying the above formalism to d* we obtain the morphisms
c(d®) : T, — Hom(F'"®, F'*[+1]) (5.64)

subject to the scaling of the components of d * in the diagrams of Lemma 5.7. Thus
we obtain the following “algebraic” formulas for the relative differentials of the
period maps pr and °? pr.

Proposition 5.9. The relative differentials d (°? pr) and d,(pr)) are related to the
morphisms d* as follows:

dx (P pr) = hom(y) o c(d ), (5.65)

dx(pr) = hom(¢) oc(d™),
where hom(y) and hom(¢) are the isomorphisms from Lemma 5.6. Equivalently,

the following diagrams commute

a)

Hom(F'® F'*[1])

T: hom(y)

w\

Hom(Gr,_ (F).Grg_ (F)I])
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b)
Hom(F'® F'®[—1])

T hom(¢)

Hom(Grfye (F').Grlye (F))[-1])

Remark 5.10. The identities in (5.65) establish the equality of relative differentials
of pr and °” pr with the morphisms d*, up to the canonical identifications
determined by canonical isomorphisms ¢ and ¥ in Lemma 5.5. We agree on these
canonical identifications (ci) and write the identities in (5.65) as follows:

do(Ppr) £ e(dt), (5.66)

dr(pr) £ c(d™).
Next we return to the liftings

pﬂ':T,,—)T*ﬁ and pr:T, — T

I Flp

of pr and °? pr introduced in (5.21) and (5.33) respectively. Since they are
determined in terms of the morphisms d* we should be able to relate them to the
relative differentials as well. Indeed, first observe that we can define the morphisms

c(pf): Tw — T*ﬁr and c(pr): Ty — T%F (5.67)

simply by replacing d* used in formulas (5.27), (5.34) by ¢(d*). Following this
by the operation of taking adjoint (-) [see (5.39)] and using the notation introduced
in Remark 5.10 we deduce the following vector bundle version of the identities in
(5.60).

Corollary 5.11.

de (P pr) £ —c(pT)t,

dr(pr) £ —c(ph)'.

Proof. The proofs of two identities are very similar, so will do only the first one.
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Let ([Z], [], v) be a point in T. By definition the value of ¢(p~) at ([Z], [«], v)
is as follows

c(p)(Z]. ]al.v) = (P pr(Z]. [a]).c(d™)(v)). (5.68)

Applying the operation of taking the adjoint yields

c(p) (2] [l v) = (P pr(Z]. [a]). c(d ™) (v). (5.69)
So it remains to calculate ¢(d ) (v). From (5.63) it follows

l[‘—l
cdH) =) pd, ). (5.70)

r=1

where d,,;(v) is the p-th component of ™ (v), i.e. d, (v) is the restriction of d ™ (v)
to the summand H? ([Z], [«]). Applying (-)T yields

Ir—1 Ir—1

c@)'v) =Y pd) ) =Y pd} )
p=1

p=1
Ir—2 '
=Y (p+ D, () = —c(d)) = —dx (" pr) (V).
p=0
where the last equality follows from the first identity in (5.66). O

5.3 Torelli Problems for Maps pr and °? pr

Once the maps pr and °” pr are in place, it is natural to consider Torelli-type
properties for them.

Definition 5.12. 1) We say that Torelli property holds for a component I' of
C’,.(L.d),if the morphism pr or, equivalently, °” pr is an embedding.

2) We say that Infinitesimal Torelli property holds for I" if the differential of pr or,
equivalently, the differential of °7 pr is injective at every point of Jr.

The work done in the previous section allows to reformulate the Infinitesimal
Torelli property as purely algebraic property of injectivity of the morphisms d*
defined in (5.26) and (5.35) respectively.
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Proposition 5.13. Let T' be a component in Cl, (L,d). Then the following
properties are equivalent:

1) the Infinitesimal Torelli property holds for T,
2) the morphism
dt T, — Hom(F'*, F*[1])
is injective,
3) the morphism
d~ : T, — Hom(F'"*, F'*[-1])
is injective.
Proof. By definition pr (resp. °” pr) [see (5.14) and (5.28)] is a morphism of I-
schemes. This implies that the differential of pr (resp. °” pr) is injective if and only
if the relative differential d,, (pr) (resp. d (°” pr)) is injective. From Proposition 5.9
it follows that the injectivity of d,(pr) (resp. d.(°” pr)) is equivalent to the
injectivity of d~ (resp. d *). This gives the equivalence between (1) and (2) [resp.
(1) and (3)]. The equivalence between (2) and (3) is assured by the fact that T and
d~ are adjoint to each other [see (5.40)]. O

The proposition above establishes a link between the Infinitesimal Torelli
property for an admissible component I" in C/, (L,d) and the sheaf of Lie

algebras g~1~. Our next result shows that the kernel of d* or, equivalently, the
failure of the Infinitesimal Torelli property is controlled by the center Cp of
g~1~. More precisely, recall that the sheaf of Cartan subalgebras C(H) of g”p
(see Proposition 4.1) is naturally identified with F' (Claim 4.15). Furthermore, the
center, via this identification, is isomorphic to the subsheaf 7r*.7-'é of H constructed
in Proposition 4.9. On the other hand H is related to the relative tangent sheaf 7, by
the isomorphism
M:H/05 — T,

which was recalled in (5.23).
Proposition 5.14. One has equalities
ker(d ™) = ker(d ™) = ker(d,(pr)) = ker(d,(°" pr))

and isomorphisms

Cr/0j. = n*F,/Oj. = ker(d.(pr)). (5.71)
Proof. The first assertion is a restatement of Proposition 5.13. For the second
assertion observe that the first isomorphism is given by the morphism D (see
Proposition 4.9). To see the second isomorphism in (5.71) consider a local section v

of ker(d*). Choose a lifting ¥ of M ~'(v) to a local section of H. Then we have

DE@) =0
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in the triangular decomposition (2.62) and hence D(v) = D°(¥). This implies
[D°(®). D(1)] = [D(). D(1)] =0, (5.72)

for every local section ¢ of H, and where the last equality above is the commutativity
of the multiplication in F".

Substituting D(t) = D (1) + D%(t) + D (¢) into (5.72) and decomposing
according to the grading of G~ in (4.71) yield

[D(), DE(1)] = [D(), D°(1)] = 0,

for every local section ¢ of H. Since g"r is generated (as a Lie algebra) by
D*(t), D°(t), we deduce that D(¥) is a local section of the center Cr. This gives
an inclusion

M~ (ker(d®)) C n*(F])/ 05, - (5.73)

On the other hand, from Proposition 4.6, (2) and (4), it follows that local sections
of the center C~ preserve the orthogonal decomposition F’ in (5.4). Hence
D*(t) = 0, for every local section ¢ of 7* (F). This gives an inclusion

7*(F))/ O, C M~ (ker(d™)).
Combining this with (5.73) yields the equality
T (F))/ 05, = M~ (ker(d™)).

This completes the proof of the second assertion. O

Corollary 5.15. The Infinitesimal Torelli property holds for a component T" in
Cr..(L,d)ifand only if I is simple (Definition 4.22).

Proof. Follows immediately from Definition 4.22 and Proposition 5.14. O

One of the features of our period map(s) is that the Torelli property turns out to
be equivalent to the Infinitesimal Torelli property.

Theorem 5.16. Let I" be a componentin C), (L, d). Then the following statements
are equivalent:

1) the Torelli property holds for T,
2) the Infinitesimal Torelli property holds for T,
3) T is simple.

Proof. By Corollary 5.15 the statements (2) and (3) are equivalent. We consider
the equivalence (1) and (2). It is also clear that (1) implies (2). So we turn to the
implication in the other direction.

We will work with the morphism °” pr. Since it is a f‘-morphism, the Torelli
property holds if and only if ?” pr is an embedding on each fibre of 7 : Jr —T.
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Fix [Z] € T and consider J; = 7 ~!([Z]), the fibre of J over [Z]. This gives
the morphism

Ppr(Z): 37 — FLy (Z)

which is the restriction of °? pr to J and where F £;,7[,([Z ]) is the fibre F E(h_'r
over [Z].

Assume (2) holds. Then °” pr(Z) is an immersion. So to see that it is an
embedding it is enough to show that it is injective on closed points of J,. We argue
by contradiction.

Let [] and [B] be two distinct points of Jz and assume ? pr(Z,[«]) =
°? pr(Z, [B]). By definition of °” pr in (5.32) the two filtrations H_.([Z] [«]) and
H_.([Z].[B]) coincide. This implies in particular that H([Z], [8]) = H([Z]. [«]).

Combining this with (2.38) we obtain

%ﬁ([ZL [w]) = H(1Z], []) (5.74)

This implies that t = % belongs to H([Z], [«]) (since 1; € H([Z].[«])) and the
multiplication by ¢ preserves H([Z], [«]). But then the multiplication by 7 preserves
the whole filtration H_,([Z], [«]), as follows from the definitions in (2.24). Hence
D™ (¢) = 0. By assumption ¢ is not a constant function on Z, so its projection 7 in
H([Z]. [«])/C{1} is non-zero. This gives the non-zero tangent vector v = M (7)
in T, at ([Z], [«]) such that d*(v) = DT (¢) = 0, where the first equality is the
definition of d *(v) (see Remark 5.3). By Proposition 5.13 this is equivalent to the
failure of the Infinitesimal Torelli property. But this contradicts the assumption that
(2) holds. O

Once we know that the Torelli property (Definition 5.12) is equivalent to the
injectivity of morphisms

Ir—1
d* : T, — Hom(F"* . F*[£1]) = @ Hom®" H'*') (5.75)
p=0

we can ask the same question for its components

d : Ty — Hom(H/ \H'*), (5.76)

where p = 0,...,/r — 1, with the understanding that d;” = d,jf_l = 0. Observe

that the operation of taking adjoint in (5.39) interchanges d p+ with d s+1> for all
p €10,...,Ir—2}. So it is enough to consider the morphisms of the same sign, say
the d f’s.
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From the definition of the filtration H_, it follows easily that the conditions of
failure of d ;L to be injective for various values of p are not independent. Namely,
one has the inclusion

ker(d;') C ker(d;'_H) , (5.77)

for all p € {0,...,Ir — 2} (see §9, Lemma 9.1, for a proof). This suggests the
following terminology.

Definition 5.17. For a component I'in C/, (L, d) set

- :min{pe{O,...,lp—1}|ker(d;')7é0}

and call it Torelli index of I".

Remark 5.18. In view of the inclusions in (5.77) the two notions—Torelli index
and Torelli property—can become different only if the length /1 of the filtration
H_,is > 2.

Using the terminology of Definition 5.17 and the results obtained so far one
deduces the following numerical criterion.

Corollary 5.19. A component I is simple if and only if the Torelli index tr > 0.

The non-vanishing of ker(d"), for the values of tr in the range® [1,/r — 2],
leads to the geometric properties of configurations similar to the ones given in
Corollary 4.13 (see the proof of Proposition 5.21) and hence to a certain hierarchy
among simple components. We will not pursue this discussion here except of
distinguishing components which are on the top of this hierarchy.

Definition 5.20. 1) A component I in C), (L,d) is said to have strong Torelli
property if its Torelli index 7 = I/ — 1, i.e. the morphisms d ;’ are injective for
all p e {0,...,Ir —2}.

2) A configuration Z on X is said to have strong Torelli property if there is a
component I" containing [Z] and having strong Torelli property.

It turns out that the configurations in general position with respect to the adjoint
linear system | Ky + L | satisfy strong Torelli property. Namely, the following holds.

Proposition 5.21. Let Z be a configuration of d points on X such that the index
of L-speciality (L, Z) =r + 1> 2andd > r + 2. Assume Z to be in general
position with respect to the adjoint linear system |Kx + L|. Then Z satisfies strong
Torelli property.

SWe assume I/ > 3, see Remark 5.18.
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Proof. Let T be an admissible componentin C"(L, d) containing [Z] and let Jz be
the fibre of Jr over [Z]. Fix [¢] € Jz and consider the morphism

k(2] [0)) : Z — PH((Z], [a])")

as in (2.32). From the proof of Corollary 7.13 [R1], it follows that «([Z], [«]) is
an embedding and its image, which we continue to denote by Z, is the set of d
distinct points in general position in P(H([Z], [e])*). Thus I:I_IF = H%Oy) and
we consider its orthogonal decomposition

Ir—1

H(0z2) = DB (Z].[a]). (5.78)

p=0
This comes along with the linear map

Ip—2
d*((Z].[e)) : T=(1Z). [e])) — €D HomM”([Z]. [a]). H/T!([Z]. [a]))

p=0

which is the morphism d in (5.75) at ([Z], [«]). Our objective is to show that the
p-th component d F([Z], [@]) of d*([Z], [«])

dy ((Z].[e]) : T-([Z]. [@]) — Hom(H”([Z], [a]), B’ "' ([Z]. []))

is injective, for all p € {0,...,Ir —2}.

From Theorem 5.16, Corollary 4.24 and the inclusions (5.77) it follows that the
component d0+([Z], []) is injective. So we may assume that /r > 3 and let p, be
the smallest index for which d ;(’)([Z ], [«]) fails to be injective. Thus from what is
said above we may assume po € [1,/r — 2] and we set

T (Z]. [a]) = ker(d,} ([Z]. [])) - (5.79)

Using the isomorphism M in (5.23) and Remark 5.3, we obtain the subspace
T ([Z], [a]) of H([Z], [«]), composed of elements ¢ such that D3 (1) = 0, where
D (t) is the restriction to H” ([Z], []) of the operator D (7) in (2.62). This implies
that the multiplication by ¢, for all t € T(")([Z], [a]), preserves the subspace
I:I_po_l ([Z]. [«]) of the filtration H_, in (2.30) at ([Z], [«]) as well as the summands
H?([Z], [@]) in (5.78), for all p > py + 1. From this point on our considerations
are similar to the ones in the study of the center of g~1- in §4.1. Namely, we
consider the weight decomposition of H°(0) under the action (by multiplication)
of T ([Z]. [a]):

HY(0Oy) = P v (5.80)

AE(Tr0)([Z).la))*
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where VA(p 0) is the weight space of T(0)([Z], [«])-action corresponding to a weight
A. As in Proposition 4.3 one shows:

l Vx(p[)) is an ideal of H%(Oy), for every weight A occurring in (5.80),
2) VA(po) . V/EPO) =0, forall A # p.

Furthermore, since the action of 7" ([Z], [«]) preserves H_ po—1([Z], [«]) and the

summands H”([Z], [@]), for p > po + 1, each weight space V;m) admits the
following orthogonal decomposition

VA(PO) _ Vf!’o ® (@ V/\p) , (5.81)

P>Do

where V=" = Vx(p[’) NH_,—1([Z].[@]) and V) = Vx(p") N\ H”([Z], [a]), for
P > Do.

We now turn to the geometric interpretation of the weight decomposition in
(5.80). Set A* to be the subscheme of Z corresponding to the ideal Vl(p %) and let
Aj be the subscheme of Z complementary to A*. This gives the decomposition
of Z

7 = U A, (5.82)
A

into disjoint union of subconfigurations A,’s of Z, where the union is taken over
the weights A occurring in (5.80). As in the proof of Lemma 4.4 one shows
that the functions in 7(7)([Z], [«]) are constant on every Aj. In particular, each
A; determines the codimension one subspace Hy C T ([Z],[«]) of functions
vanishing on A,. Recalling that Z is identified via the map k([Z], [¢]) with the
subset of d points in P(H([Z], [«])*), we deduce that each subconfiguration A; is
contained in a hyperplane in P(H([Z]. [«])*). Furthermore, since Z is in general
position in P(H([Z], [@])*) = P it follows

deg(A;) <r, VA. (5.83)

We now claim that this leads to a contradiction. Indeed, consider the last summand
H'"~!([Z], [«]) of the decomposition in (5.78). We can find a weight A such that

Vit = v Y®((Z], ) # 0.

By definition functions in V)(F_l vanish on A* and hence they have their support
in A,. Let x be a non-zero element of V;F_l and let a be a point in A) such that
x(a) # 0. From the inequality in (5.83) it follows that there is 7, € H([Z], [«]) such
that #,(a) # 0 and t,(b) = 0, forall b € A, \ a. This implies that the support of
X -1, is {a}. Thus the delta-function §, is in H"~2([Z], [«]) ® HT'~'([Z], [«]). But
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the following claim implies that this is possible only if /r = 2, which is contrary to
the assumption that /r > 3.

Claim 5.22. Let Z be as above and let 8, be the delta-function on Z supported at

a € Z. Let
Ir—1

Sa=Y 8P (5.84)

p=0
be the decomposition of §, according to the direct sum in (5.78). Then el #£ 0.

Proof of Claim 5.22. Let 52’"0) be the first (from the left) non-zero component in
the decomposition (5.84). To show that it lies in H([Z], [¢]) it is enough to check that

D_(t)(é’,(,m") ) = 0, for all r € H([Z], [«])—this is a characterization of elements in
H°([Z]. [«]) proved in [R1], Remark 7.8. For this we multiply &, by ¢ € H([Z]. [])
and decompose it according to the direct sum in (5.78)

t-8, =D )" +8, (5.85)

where §; is the component of 7 - §, contained in "F"([Z], [a]) = D, H ([Z],

[@]). But ¢ - 8, = t(a)8, is a scalar multiple of §,, for all t € H([Z], [«]). Hence
t -8, € 'F"([Z], [«]). This and the decomposition in (5.85) imply

D=()(8™) =0,

for all ¢+ € H([Z], []). This completes the proof of Claim 5.22 as well as the proof
of the proposition. O



Chapter 6 .
sl,-Structures on F’

The morphism d T (resp. d~) considered in §5, (5.26) [resp. (5.35)], attaches
intrinsically the nilpotent endomorphism d*(v) (resp. d~(v)) to every tangent
vector v in T,. We have seen their importance with respect to the period maps
defined for Jr, for every component I' in C, (L, d). In this section we explore
more subtle representation theoretic aspects of this assignment by completing
d™(v) to an sl,-triple. This is made possible by the well-known Jacobson-Morozov
theorem.! Once such a triple is chosen, we look at its representation on the fibre of
the sheaf F” at the point of Jr underlying the tangent vector v. This yields further,
finer, decomposition of the orthogonal decomposition of F'in (5.4). The resulting
structure is somewhat reminiscent of the linear algebra data arising in the theory of
Mixed Hodge structure.

We fix a component I" in C/, (L, d) and assume it to be simple.? As before the
morphism 7 : Jr —> T stands for the natural projection and 7', denotes its relative
tangent bundle (recall our convention in §2.7 of distinguishing locally free sheaves
and the corresponding vector bundle). We begin by considering the situation at a
closed point of 7,; and then give a sheaf version of our construction.

6.1 Constructions on a Fibre of F’

Fix a point ([Z],[«¢]) € Jr and let v be a tangent vector in 7, lying over
([Z]. [e]). Evaluating the morphism d* (resp. d ™) in (5.26) [resp. (5.35)] at the
point ([Z].[a].v) € T,, we obtain the endomorphism d T (v) (resp. d~(v)) of

!For this and other standard facts about such triples we refer to [Kos].

2See Definition 4.22; from the results in §4.2, Theorem 4.26, it follows that this assumption is
inessential.

1. Reider, Nonabelian Jacobian of Projective Surfaces, Lecture Notes 99
in Mathematics 2072, DOI 10.1007/978-3-642-35662-9_6,
© Springer-Verlag Berlin Heidelberg 2013
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F'([Z)), the fibre® of F at ([Z],[«]). By definition of Gr the endomorphisms
d*(v) are nilpotent elements of Gr(Z].[«]), the fibre of G~ at ([Z], [«]). By
Jacobson-Morozov theorem, d ™ (v) (resp. d ~(v)) can be completed to an sl,-triple
{dT(v),h,y} (resp. {y'.h’.d~(v)}), where h (resp. h’) is a semisimple element of
Gr([Z]. [o]) subject to the standard relations

[h.d* ()] =2d" ) [h.y]==2y [d*().y]=h,
(resp. [t d” ()] = =2d"(v) [W".y'T=2y" [Y.d" (] =h").

It is well-known that semisimple elements coming along with d*(v) (resp.
d~(v)) in an sl-triple form a homogeneous space modeled on the nilpotent Lie
algebra

gt (v) = ker(ad(d™ (v))) N im(ad(d ™ (v)))
(resp. g~ (v) = ker(ad(d™(v))) Nim(ad(d~(v)))), 6.1)

i.e. two choices for a semisimple element in an sl,-triple for d*(v) differ by
an element in g¥(v). In fact it is known that if 4 (resp. #’) is a semisimple
element which goes along with d *T(v) (resp. d~(v)) in an sl,-triple, then any other
semisimple element & (resp. h’) for d T (v) (resp. d ~(v)) can be taken to be of the
form ~ _

h = exp(ad(w))h (resp. W' = exp(ad(wW'))h'),

for some w € gT(v) (resp. w' € g~ (v)). Thus the set of semisimple elements for
d™(v) (resp. d(v)) in an sl,-triple is a principle homogeneous space for the action
of the unipotent group

GT(v) = {epladw)) | we g (v)}
(resp. G~ (v) = {exp(ad(w)) | W' € g~ (V)})

(see [Kos], Theorem 3.6).
Next we bring in the grading of Gt in (4.72). This gives the grading

Ir—1

orzlled) = @ 612D (6.2)

i=—(Ir—1)

on the fibre G ([Z], [o]) of Gr at ([Z], [&]). The fact that d *(v) (resp. d~(v)) is
of degree 1 (resp. (—1)) with respect to this grading allows us to choose &

3Recall, by (5.2), the fibre /([ Z]) does not depend on [a].
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(resp. h’) to be in the summand g‘l’,([Z], [a]) and y (resp. y’) in gfl([Z], [a]) (resp.
gi_‘([Z], [@])). We will always assume such a choice of /2 and y (resp. 2’ and y’).
In this graded version of slp-triples associated to dt(v) (resp. d~(v)) the

corresponding semisimple elements form the homogeneous subset h®(d * (v)) (resp.
h(d=(v))) of g% ([Z], [@]) modeled on the nilpotent Lie subalgebra

g% (1Z]. [ed.v) = GL(Z]. [eD () g" ()
(resp. g2(Z). [e].v) = GL(Z]. [eD) ()&~ (V). (6.3)

where g¥(v) are nilpotent Lie subalgebras defined in (6.1). Furthermore, the
unipotent groups

GL(Z]. [a].v) = {exp(ad(w)) | w € g ([Z], [a], v)} (6.4)

act simply transitively on h®(d*(v)) respectively (this can be seen by adapting the
argument in the proof of Theorem 3.6, p. 987, [Kos], to the graded situation at
hand). Thus h®(d ™ (v)) (resp. h®(d~(v)) is a principal homogeneous space for the
unipotent group G ([Z]. [a]. v) (resp. G([Z], [&], v)).

We will now fix an sly-triple {d*(v),h,y} with h € h%d*(v)) and y €
gl:l([z ], [@]), and consider its action on F'([Z]). This gives the weight decom-
position

F(z) =P wn (6.5)
n€Z
under the action of &, i.e. W(n) is the eigen space of & corresponding to the eigen
value 1 of h. Since (d*(v))'" = 0 it follows that the weights occurring in (6.5) are
in the set

{—=(Ir=1),....(Ir = 1)}. (6.6)

Following the convention in Hodge theory, we shift the grading of weights to the
right by (/r — 1) to obtain

2(Ip—1)

F(zZh = @ v, 6.7)

n=0

where V(n) = W(n —Ir + 1), forn = 0,...,2(/r — 1). Abusing the language it
will be called weight decomposition of F'([Z]) as well.
A choice of & in giL ([Z], [«]) implies that & preserves the orthogonal decompo-

sition in (5.4). Thus each summand H” ([Z], [«]) admits the weight decomposition

2Ir—1)

H([Z).[e) = € H'((Z].[e])(). 6.8)

n=0
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where H? ([Z], [a])(n) = H? ([ Z], [«]) () V(n). We will adopt the notation of Hodge
theory by writing the double grading above as follows

HP"P((Z], [a], v, h) := HP([Z], [a])(n) . (6.9)

The following result gives a more precise version of the decomposition in (6.8) in
this bigraded form.

Lemma 6.1. The weight decomposition in (6.8) has the following form

p+ir—1

H((Z].[e) = @ H"77(Z] [el.v. h).

n=p

Proof. We need to establish the possible range of weights of & on H?([Z], [«]).
Let m be a positive weight of 7 on H”([Z], [«]). From the properties of sl,-
representations it follows that the vectors in H? ([Z], []) of weight m come from
some vectors of weight —m upon applying (d*(v))™. Such vectors are situated
in the summand H?7"([Z], [«]) of the orthogonal decomposition in (5.4). Since
(p — m) is non-negative we obtain the upper bound

m=p, (6.10)

for the weights of 7 on H” ([Z], [«]). By our shifting conventionm = n—Ip 4+ 1, for
some n € {0,...,2(/r — 1)}. Combining this with (6.10) yields the asserted upper
bound

n<p+Ir—1.

Let —m (m > 0) be a negative weight of & on H?([Z], [«]). Then we can push
vectors in H”([Z], [¢]) having this weight to the weight space of weight m by
applying (d T (v))™. This will take the vectors from H? ([Z], []) to H? ([ Z], [e]).
Since p + m < Ir — 1 we obtain

—-m=n—Ir+1>p—Ir+1,
where the equality is the shift convention. This implies n > p as asserted in the

lemma. O

The above considerations can be turned around by saying that every weight space
V(n) in (6.7) admits the orthogonal decomposition induced by (5.4)

Ir—1

V(l’l) = @ Hi,n—i([z], [Ol], v, h) .

i=0

This follows from the fact that / is in g% (IZ], [@]). From Lemma 6.1 this decom-
position has the following form
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viny= @ H(Z].[e).v.h). (6.11)
i+j=n
0<i,j<Ip—1
Putting together this double grading with the weight decomposition in (6.7) gives
a bigrading on F ([Z]). This fact and various properties of the weight and double
gradation of F'([Z]) are summarized below.

Proposition 6.2. 1) The weight and orthogonal decompositions of F'([Z) in (6.7)
and (5.4) respectively define a bigrading on F'([Z]):

F(2]) = @Hr(Z] o] v h). (6.12)

(p.9)

where the direct sum is taken over the points (p, q) € Z? lying in the square with
vertices (0,0), (Ir—1,0), (Ir—1,Ir—1), (0,Ir—1). (Once ([Z], [«], v) is fixed
and h is chosen the reference to these parameters will be omitted and we simply
write HPY instead of HP ([Z], [a], v, h).)

2) The endomorphism d+(v) (resp. h and y) is of type (1,1) (resp. (0,0) and
(=1, —=1)) with respect to the bigrading in (6.12), i.e.

d* (v)(EP9) C BPHLatD

for every (p,q) occurring in (6.12) (with the understanding that a graded
piece H™" equals zero, unless (m,n) lies in the square described in (1) of the
proposition).

3) For every integer k € {0,...,Ir — 1} the endomorphism d ™ (v) induces the
isomorphism

@) Ve =1-k) — V(v = 1 +k)

which is of type (k, k) with respect to the bigrading in (6.11). In particular, one
has isomorphisms
(dt () : HP4 — | thath

forevery (p,q) suchthatp +q =Ilr — 1 —k and p,q > 0.

Proof. The first assertion follows from (6.11) and the range for the values of n in
the weight decomposition (6.7). For the second assertion observe that d T (v) raises

a weight by 2 and has degree 1 with respect to the orthogonal decomposition in
(5.4),i.e.

d* () (V(n)) C V(n +2) and d*(v)(H([Z]. [e])) € HPTI((Z]. [a]) -
This implies

dt ()P = dT W@ (Z).[) (VP +9) C BT (Z) ) (VP +49+2)

— H]7+l,q+l )
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The third assertion follows from the properties of sl,-representations and part (2) of
the proposition. O

The weight spaces V(n) in (6.7) depend not only on d *(v) but also on the choice
of h in h%(d *(v)), the space defined on p. 101. However, the subspaces

w" =P Vim) (6.13)

m>n

are independent of A (this follows from the fact that the group Gi (v) in (6.4)
preserves these subspaces and acts transitively on h®(d T (v))). This way one obtains
a filtration of F'([Z]):

FzZ)=w'ow!o.. . owHr=b 5 wir=l =g (6.14)

intrinsically associated to d *(v). This filtration will be called the weight filtration
of d*(v) on F'([Z]) and denoted by W*(F'([Z]),v). Its properties, summarized
below, are easily derived from Proposition 6.2.

Proposition 6.3. The weight filtration W*(F'([Z]).v) in (6.14) has the following
properties.

1) The homomorphism d ™ (v) takes W* to W**2, i.e. one has
dr W c wi?,

for every k > 0.
2) Set ~
Griye (F'((2]) = WF/WHH.

The orthogonal decomposition (5.4) induces a grading on Gr];V. (F'([Z))

Ir—1

Griye (F/(12]) = @D Grgd (F(2))).

i=0

where the summands are defined as follows
Grd (F/([2)) = H ([Z]. [e)) () WF/H! (2] [a)) () WHH!

= (@u /(P wr).

m>k m>k+1

3) The associated graded vector space

2(lp—1) 2(Ir—1)

Grw(F'(Z]) = @ Grlyo(F(2)) = P wr/wr!

k=0 k=0
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4)

5)

of F'(IZ]) with respect to the weight filtration W* in (6.14), together with the
grading in (2), acquires the bigrading

Grws(F'([2]) = @B Gri A (F (12]) (6.15)
(p.q)

where the direct sum is taken over the points (p,q) € Z? lying in the square
described in Proposition 6.2, (1).
The endomorphism d * (v) induces the homomorphism

gr(d* () : Gris(F'(1Z])) — Grw=(F((Z])
which has type (1,1) with respect to the double grading in (3), i.e. one has
grd* )G (F(2)) € Grip T (F(2))).
for every (p, q) occurring in the decomposition in (6.15).
For every integer k € {0, ..., Ir — 1} the endomorphism gr(d ™ (v)) induces the
isomorphism

(gr(dt ) : Grid M F(2])) — Gy TRF(12))

which is of type (k, k) with respect to the bigrading in (3). In particular, one has
isomorphisms

(grdTmE : GrA(F (2])) — Gri T (F (12))),

forevery (p,q) suchthat p +q =Ir — 1 —k and p,q > 0.

6.2 Sheaf Version of the Constructions in §6.1

We will be working on the relative tangent bundle 77, of the natural projection

N:jr—)f.

Thus 7, is a scheme over J- with the structure projection

Ty — Jr, (6.16)

whose fibre 77 ([Z], [e]) over a point ([Z], [¢]) € Jr is the vector space of vertical®
tangent vectors of Jr at ([Z], [«]).

“This terminology is explained in the footnote on page 7.
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We begin by building the scheme parametrizing the sl,-triples discussed in §6.1.
For this consider the pullback t*Gr of the sheaf of semisimple algebras’ Gr. The
morphisms d ¥ defined in (5.26) and (5.35) give rise to two distinguished sections
of *G. We will denote them by d . Thus the value of d at a closed point
([Z], [e), v) € Ty are the nilpotent elements d * (v) in Gr([Z]. [«]) considered in
§6.1.

The sections d define the morphisms of sheaves

ad(d¥) : t*Gp — t*Gr, (6.17)
whose value at ([Z], [a],v) € Ty is
ad(d*() : G (Z).[e]) — Gr((Z]. o)) (6.18)

From now on we consider the section ¢ only. The morphism ad(d}) gives rise
to two subsheaves ker(ad(d})) and im(ad(d})) of T*Gr. Set

G(d*) = ker(ad(d})) () im(ad(d}))). (6.19)

Taking account of the grading of G~ in (4.72) and the fact that dJ is a section of
r*g} we obtain a grading on G(d T):

Ir—1
gdhH= @ gG'@dh. (6.20)

i=—(Ir—1)

where G (d ) =g6d™") N r*gi_,. We will be interested in degree zero part

G'd*) =G ("G} (6.21)

This is a sheaf of nilpotent Lie algebras whose fibre at a point ([Z], [¢],v) € T} is
the subalgebra g%, ([Z], [¢], v) defined in (6.3).

Taking Exp = expoad of G%(d ) we obtain the subsheaf of Aut(Gr) which
will be denoted by G°(d*). This is a sheaf of unipotent groups whose fibre at
([Z], [a], v) € Ty is the group Gi([Z], [¢],v) defined in (6.4). We can now define
a scheme over T, which parametrizes sl,-triples having the values of d* as nil-
positive elements. This scheme is denoted by h°(d ™) and it is defined by the
following incidence relation.

3Since the component T is assumed to be simple, the sheaf Gr . by Corollary 4.23, is actually a
sheaf of simple Lie algebras. But this will not matter in the constructions below.
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{dt ().hy}isan slp-triple, where ¢t () is nil-positive,
ho(d +) =\ (2w ETr G, g‘l), hegol_, ([Z],[a]) is semisimple, and yegfl([z].[a]) is nil-negative elements

(6.22)
where g‘f, is considered here as a scheme over Jr and 77, x Jr g‘f, is the fibre product

of jp-schemes T, and g‘l’,.
The projection
nfhdY) — T, (6.23)

makes h%(d ) a G°(d*)-principal homogeneous fibration over T, whose fibre
over a closed point ([Z], [«], v) is the homogeneous space h’(d T (v)) introduced in
§6.1, p. 101.

Set

+
t=conf 1 h%d) L T, 5 Jr (6.24)

and consider the pullback (t1)*Gp. From the definition of the scheme h(d ™) in
(6.22) it follows that (t*)*G comes equipped with three distinguished sections
which will be denoted by s, 5%, s~. Their values at a closed point ([Z], [], v, h) €
h°(d™) are respectively:

sT(Z), o], v, h)y=d T (v), s°([Z].[a].v.h)=h and s ([Z],[a].v.h) is
uniquely determined by the requirement that

{dT ), h, s ([Z], ], v, h)} (6.25)

is an sl,-triple with d *(v) and & being respectively its nil-positive and semisimple
elements. Thus h%(d ) carries a “universal” sly-triple spanned by the sections

sT,s0 5.

Remark 6.4. By construction, the section s is the pullback by nf of the section
df,i.e. wehave
st =m)rdy

To define a sheaf version of the weight decomposition in (6.5) consider the
pullback (z+)*Z. By definition the sheaf G comes together with its faithful
representation on F , i.e. it is defined as a subsheaf® of 5nd(.7-' "). In particular, we
think of sections s¥, s° as endomorphisms of the sheaf (r+)*.7-' ’. Furthermore, the
endomorphism

O () F — T F (6.26)

is semisimple with integer eigen values and its eigen sheaves provide the sheaf
version of the weight decomposition in (6.5). More precisely, define the weight sheaf
W(n) corresponding to a weight n € Z by the formula

W(n) = ker(s” —nid ,+ /) . (6.27)

SFrom Corollary 4.23 we know that or = sl(]? "),
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This gives a decomposition of (t1)*F’ into the direct sum of the subsheaves
W(n) (n € Z). From the orthogonal decomposition (5.4) and the condition that
the values of s are endomorphisms of degree 1 with respect to this decomposition,
it follows that (sT)'r = 0. This implies that the weights of s” belong to the set
{—(r —1),...,Ir — 1}. This yields the following sheaf version of (6.5):

Ir—1
«H*F= P wn. (6.28)
n=—(lr—1)
Setting V(n) := W(n—Ir+1),forn =0,1,...,2(Ir—1), gives the decomposition

2(Ir—1)

Y F =P v. (6.29)
n=0

This decomposition will be called the (shifted) weight decomposition of (r+)*f' ',
The sheaf (z1)*F continues to have the orthogonal decomposition

l[‘—l
@H*F = PeHnr (6.30)
p=0

+

and the sections s¥, s have respectively degrees %1, 0, relative to this decomposi-

tion.
Define the sheaves H”'¢ as follows:

HP = () H (\V(p +q). 6.31)

Then the sheaf version of Lemma 6.1 takes the form

p+ir—1
CHyH = @ HP, (6.32)
n=p

for every p=0,...,Ir — 1. This implies the sheaf version of the bigraded
decomposition in (6.11):

v = @ H-/. (6.33)
i+j=n
0<i,j<Ip—1

Finally, the sheaf analogue of Proposition 6.2 is as follows.

Proposition 6.5. 1) The weight and the orthogonal decompositions of (‘E+)*.7? "in
(6.29) and (6.30) respectively define a bigrading on (t)* F':

@« F =pur. (6.34)
(p.9)
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where the sheaves HP4 are as in (6.31) and where the direct sum is taken over
the points (p,q) € Z?* lying in the square with vertices (0,0), (Ir — 1,0), (Ir —
1,Ir—1), (0,Ir —1).

2) The sections s* (resp. s°) viewed as endomorphisms of (r+)*.7-'/ are of type
(1, £1) (resp. (0,0)) with respect to the bigrading in (6.34), i.e.

sTHP) C HPFYE (resp. s"(HP) € HPY)

for every (p,q) occurring in (6.34), with the understanding that a graded
piece H™" equals zero, unless (m, n) lies in the square described in (1) of the
proposition.

3) For every integer k € {0,...,Ir — 1} the endomorphism s induces the
isomorphism

O V(Ir—1—k) — V(Ir—1+k)

which is of type (k, k) with respect to the bigrading in (6.34). In particular, one
has isomorphisms
(S+)k - HP4 Hp+k,q+k ;

forevery (p,q) suchthat p +q =Ir — 1 —k and p,q > 0.
Next we turn to the sheaf analogue of the weight filtration (6.14). For this we set

V' =P Vim). (6.35)

m>n

We know that V" is constant along the fibres of nf in (6.23) (this follows from
the definition of £°(d ) and the fact that the spaces in (6.13) are independent of a
semisimple element which is used to define them). This implies that there is a sheaf
W" on T, such that

V= (niH)y*wn. (6.36)

This way we obtain a filtration of T
CF =W oW o oW o Wil = ¢ (6.37)

which will be called the weight filtration of T* F' associated to d or, simply, the
weight filtration of d *.
This filtration and the orthogonal decomposition

Ir—1

*F = ED T*H?, (6.38)
p=0

obtained as the pullback by 7 of (5.4), give the following sheaf version of
Proposition 6.3.
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Proposition-Definition 6.6. The sheaf t*G comes along with a distinguished
section d . This section, viewed as an endomorphism of the sheaf T F', gives rise
to the following structures.

1) d defines the weight filtration W* as in (6.37) and d acts on it by shifting the
index of the filtration by 2, i.e. one has

d{;!—(Wk) c Wk+2 ;
forevery k = 0.

2) Set B
Grhye (T* F') = WE/WEHL,

The orthogonal decomposition in (6.30) induces a grading on Grl{/v. (r*]:"’)
Grye (T*F) = P Gripe (* F).
i

where the summands are defined as follows
Gryye (T F') = o (|) (\WF /o @) () Wit
3) The associated graded sheaf

: 2(Ir=1) B 2(Ir=1)
Grwe(T*F) = @@ Griye(*F) = P WE/w!
k=0 k=0

of T F defined with respect to the weight filtration W*, together with the
grading in (2), acquires the bigrading

Grws (" F') = P G (* 7)., (6.39)
(p.q)

where the direct sum is taken over the points (p,q) € Z? lying in the square
described in Proposition 6.5, (1).
4) The endomorphism dJ induces the endomorphism
gr(dF) 1 Grype (T*F') —> Grye (t* F)
which has type (1,1) with respect to the double grading in (3), i.e. one has

gr(d ) (Gri (f*]}/)) c Grg\-}‘r.l,q+l(t*j_;/)’

for every (p,q) occurring in the decomposition in (6.15).
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5) For every integer k € {0,...,Ir — 1} the endomorphism gr(d}) induces the
isomorphism

(gr(d)k : Gr T (F) — G THF (12))

which is of type (k, k) with respect to the bigrading in (3). In particular, one has
isomorphisms

(gr(dh))* : Gride (*F) — Gr];\-}!-.k,q+k(r*]_z,),

forevery (p,q) suchthat p +q =Ir — 1 —k and p,q > 0.

The data of T*F' together with d and its weight filtration W*, the orthogonal
decomposition in (6.38), the associated sheaf Gryyse (‘E*]?’) in (3) with its bigrading
in (6.15) and the endomorphism gr(d ;) will be called sly-structure ofﬁ’ associated
to d ™ or the natural positive sly-structure of]?’.

Remark 6.7. The terminology “natural” and “positive” refers implicitly to a pos-
sibility of varying our construction. This is obvious for “positive”, since replacing
d™ by d~, one arrives to the negative sl,-structure on F' (see §8 for details).

The adjective “natural” comes from the fact that we can modify dj by
introducing parameters in the definition of d* (resp. d ~). Namely, one considers
the morphism

df T, — End(F), (6.40)
where z = (20,21,...,24—2) € C7!and d} = le:()z zpd;'. Thus one has
“moduli” of positive (resp. negative) sl-structures on F’.

Besides this simple variation of d gt one can also vary it by “turning” on the action

of the neutral summand gg in the decomposition of Gr in (4.72). More precisely,

for a vertical tangent vector v at a point ([Z], [«]) € Jr, instead of taking d *(v) one
can take d* (x,(v)), where x, is an element of gg ([Z], [«]) naturally associated to
v (e.g. there is a canonical way to lift v to an element v € H([Z]. [«]), so one could
take x, = D°(¥)). Once the neutral element x, is chosen, all edges of the graph in
(1.4) are colored by operators in Gr ([Z], [¢])—the vertical edges are colored by x,,
and the right (resp. left) handed arrows in (1.4) are colored by d *(v) (resp. d ~(v)).
This allows us to associate operators with every path of the graph in (1.4). This is
what we called path-operators in [R1], §6. In particular, if a path is a loop, then the
corresponding operator is of degree 0 and we can modify our tangent vector v by
the action of such loop-operators. Thus sl,-structures of F' have not only continuous
parameters but also the discrete ones indexed by loops of the trivalent graph in (1.4).
We will address these variational aspects of sl,-structures elsewhere.



Chapter 7
sl,-Structures on Gr

The construction of sl,-structure in the previous section could have been done for
any locally free sheaf of graded modules equipped with a compatible graded action
of the sheaf of graded Lie algebras G-, where the grading on G- is as described in
§4.3, (4.72). We have chosen to do it for the sheaf ', rather than to give a functorial
treatment, since this sheaf arises naturally, it comes with the natural graded action
of G and this action is closely tied with the geometry of X. However, there is
another natural choice—the sheaf of graded Lie algebras Gr- itself, equipped with
the adjoint action. This object is “principal” in the category of graded sheaves of
modules with graded Gr-action in a sense that all other objects in this category as
well as their sl,-structures are representations of this one. Thus it is important to
have a good description of sl-structures on G-. This is the subject of the present
section.
We begin by recall the grading

Ir—1

gr= @ 9& (7.1)

i=—(r-1)

introduced in §4.3, (4.72).

Remark 7.1. This grading can be viewed as twisted orthogonal decomposition of
Gr in the following sense.

The sheaf G~ can be equipped with the quadratic form determined by the
fibrewise Killing form. We will call it the Killing form of G-. With respect to this
form the summands g% and gf are orthogonal, unless j = —i . In this, latter case,
the Killing form induces a non-degenerate pairing

G x G5 — Oy, (7.2)

1. Reider, Nonabelian Jacobian of Projective Surfaces, Lecture Notes 113
in Mathematics 2072, DOI 10.1007/978-3-642-35662-9_7,
© Springer-Verlag Berlin Heidelberg 2013
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Next recall that G- carries an involution
O :6r —gr (7.3)

defined by taking the adjoint x T of a local section x of or.
This involution interchanges the summands in (7.1) of opposite sign, i.e. one has

©Gp'=6r, (7.4)

foreveryi € {—(Ir —1),...,(Ip —1)}. Thus the decomposition (7.1) is orthogonal,
up to the twist by the involution (-)'.

Our construction of a natural (positive) sly-structure on G~ follows the same
steps as the considerations in §6.2.

We begin by taking the pullback 7* G of the sheaf G~ via the natural projection
T in (6.16). As it was pointed out in §6.2, the sheaf 7*G comes together with the
tautological section dj. Then we go further by lifting G from Jr toh®(d ™), the
scheme defined in (6.22).

The sheaf (r+)*g1~ [see (6.24), for the definition of %] continues to have the
twisted orthogonal decomposition

Ir—1
er= @ «HGL. (7.5)

i=—(Ir—1)

But in addition, it is equipped with the “universal” sl,-triple {s+, 50, s~ }, where
the sections s*, s° are defined in (6.25). Observe that these sections are the

sections of the summands (c+)*g1ﬂ51 and (r+)*giL respectively. We consider the

decomposition of (t7)*G under the adjoint action of this sl,-triple.
The operator ad(s”) acts semisimply and gives the decomposition

2(Ir—1)

«H*gr= @ Irm (7.6)

n=—2(Ip—1)

into the weight subsheaves G (n) of ad (s°). The range for the weights in (7.6)
comes from the fact
(ad(sT))*r1 =0 (1.7

which in turn is the result of st being a section of (r+)*g%, and the grading in
(7.5).

The weight decomposition (7.6) together with the twisted orthogonal decompo-
sition in (7.5) gives rise to a bigrading on (t7)*G

H*gr = @ o, (7.8)

(P.q)
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where gf:q = (r+)*gf, N Gr(p + ¢). The result below establishes the range for
(p. q) of this bigrading.

Lemma 7.2. 1) For every p in the twisted orthogonal decomposition in (7.5) the

following holds
Ir—1

o= @ 9.
g=—(r—-1)
2) The direct sum
@H*gr =P’

(P,q)

is taken over the points (p,q) € Z? lying in the square with vertices (—(Ir —

D, —=(r=1)), (e =1, =(r=1)), ((r =1, (r—1)),(=(r—1),(r —1)).
3) Foreveryn € {=2(Ir — 1),...,2(Ir — 1)}, the weight-subsheaf G (n) in (7.6)
decomposes as follows:

grm= @ 9.

ptq=n
0=Ipl,lgl=ir—1

Proof. From (6.32) we know that the weights of s on (z7)*H™ are in the set
{m—(Ir—-1),...,m}. (7.9)

A local section of (z+)*g1‘: takes (z)*H™ to (z7)*H™ 7. Thus the weights are

shifted from the set in (7.9) to the set {m + p — (Ir — 1),...,m + p}. This implies
that the possible weights of ad(s®) on (r+)*gf~ are in the set

{(p—(Ur—=1),....p+(Ur—1)}. (7.10)

Thus the range for the index ¢ in gll’;q = (r+)*g1’l NSr(p + ¢) is in the set
{—=Ur—=1),...,(Ir — 1)} as asserted.

Combining the first assertion with the range of the grading in (7.5) we deduce
the second statement. The third assertion follows from the definition of the bigraded
pieces gl";q and (2) of the lemma. ]

Next proposition summarizes some basic properties of the double grading of
(xH)*Gr in (7.8).
Proposition 7.3. 1) For every (p, q) the summand gl‘i"l in (7.8) acts on (t"')*]:"’

by endomorphisms of type (p,q) with respect to the bigrading of (t"')*]:"’ in
(6.34), i.e. one has
Gr! @ B — HHPIT

for every (s, t) in (6.34).
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2) The bigrading in (7.8) turns (t¥)*Gr into a sheaf of bigraded Lie algebras, i.e.
the Lie algebra bracket in (v+)*Gr satisfies the following relations

pq o0’ p+pqtq’
[gl" ’ gF ] C gF 9

forall (p,q) and (p’,q") in (7.8).
3) Summands gl‘l’q and gl",’q are orthogonal with respect to the Killing form on

(tt)*Gr, unless (p’, q") = —(p, q). In this case the pairing
glll’q X gl:P’_q — Oho(d+) ’
induced by the Killing form, is non-degenerate and defines an isomorphism
=P~ (OPI\*

Proof. The properties (1) and (2) are immediate from the definitions of the double
gradings in question. The property (3) follows from the (twisted) orthogonality of
the decompositions in (7.5) and (7.6). O

From the definition of the bigrading in (7.8) it also follows that s+ (resp. s" and
s7) is a section of gi;‘ (resp. gr"’ and gl:l"l). This fact and other basic properties

of ad(s™) following from the theory of sl,-representations are recorded below.
Proposition 7.4. 1) The adjoint action of st (resp. s° and s~) induces the mor-
phism
ad(s™) (resp. ad(s°), ad(s7)) : @T)*Gr — (t7)*Gr

which has type (1, 1) (resp. (0,0) and (—1, —1)) with respect to the bigrading in
(7.8).
2) For every integer p € [0,2(Ir — 1)], one has an isomorphism

(@d(s™)? : Gr(=p) — Gr(p)

which is of type (p, p) with respect to the bigrading in Lemma 7.2, (3). In
particular, it induces isomorphisms on the bigraded components

+ . OS—S—p s+p,—s
(ad(sT)” : G777 — GIIPT,

for every integer s € [—(Ir — 1), (Ir — 1) — p].
Next we define the weight filtration associated to the weight decomposition in
(7.6) by setting
Gt =@ grim. (7.11)

m>n
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These subsheaves are sheaves of Lie subalgebras of (r+)*gF. Furthermore, as we
observed in §6.2 these sheaves are constant along the fibres of the projection nf in
(6.23) and hence they descend to T to give the weight filtration of T* G associated
tod:

* G = gl=2Ur=nl [n] [n+1]
rgp_gr D...DgFDgF

[2(r—1)] [2ir—1] _
3...39F DQF =0, (7.12)

where the subsheaves g{f]’s above are such that their pullback by nf gives the
subsheaves Q[I','] in (7.11):

) gpt =G = @ orom). (7.13)

m>n

The following properties of the filtration Q[I? 1 in (7.12) are immediate from its
definition and properties of the weight decomposition in (7.6).

Lemma 7.5. 1) Each sheaf g{:’] in the filtration (7.12) is a subsheaf of Lie

subalgebras of T* G .
2) The Lie bracket in TG satisfies the following relations

(g1, g1 c g,

forall m, n.

Define the associated graded sheaf

2(Ip=1)

Gr(t*gr) = @ Gr'(z*gr), (7.14)

n=—=2(Ir—1)

where Gr"(t*Gr) = gg’l/gif*”.

Proposition 7.6. 1) Gr(t*Gr) is a sheaf of graded Lie algebras.

2) The Killing form on t*Grp induces a non-degenerate quadratic form on
Gr(t*Gr) which coincides with the Killing form on Gr(t*Gr). In particular,
the direct sum in (7.14) is a twisted orthogonal decomposition in the sense
of Remark 7.1.

Proof. Lemma 7.5, (2), implies that the Lie bracket on z*gr descends to
Gr(t*gr).

The part (2) of the proposition follows readily from (1). Indeed, let x be a local
section of Gr"(t*Gr), for some integer n € [-2(Ir — 1), 2(Ir — 1)], and let X
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be an arbitrary lifting of x to a local section of g{:’]. Then ad(x) induces an action

on the graded sheaf Gr(z*G) which, by (1) of the proposition, coincides with
ad(x). This implies that the Killing form on t* G~ descends to the Killing form on
Gr(t*Gr).

To see the twisted orthogonality of the grading in (7.14) we take local sections x
and y of Gr™ ("G ) and Gr"(r* G ) respectively. Then ad (x) oad (y) shifts the
degree of the grading in (7.14) by (m + n). In particular, ad (x) oad (y) is nilpotent,
unless m + n = 0. This and the definition of the Killing form imply

(x,y) =Tr(ad(x)oad(y)) =0,

for all local sections x and y as above, unless m + rn = (. In this latter case, for
x # 0 choose a lifting ¥ of x to a local section of g{:” ! Then we know that ¥ is

not a local section of g{i" *1 Then from Proposition 7.3, (3) and (4), it follows that

there exists a local section y of g{: ™1 such that

(x,5) #0,

where (-, -) stands for the pairing given by the Killing form in t*G. Let y be the
image of y under the natural projection

g™ — Mgt = GrY" (o).
Then from the first part of (2) we deduce
(x,y) =(x,5) #0
which proves that the pairing
Gr"(t*Gr) x Gr ™ (r*Gr) — Or,

induced by the Killing form in 7*G[ is non-degenerate. O

Next we take into account the twisted orthogonal decomposition of T*G
Ir—1
k —_ * 0
TGr = @ g (7.15)

i=—(r—1)

obtained by applying t* to the decomposition in (7.1). This together with the
filtration g{: Vin (7.12) define a bigrading on Gr(t*G). Namely, set

GrP(*gr) = gL (g /gl gL+ . (7.16)
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From Lemma 7.2 we obtain that Gr(t*Gr) admits the following bigrading

Gr(z*gr) = @ GrPi(z*gr), (7.17)

p.q

where the points (p, ¢) € Z? lie in the square described in Lemma 7.2, (2).

Recall that the sheaf 7* G is equipped with the section d J and its pullback via
nf in (6.23) gives the section st of (t7)*Gy (see Remark 6.4). This implies that
all the properties of s described in Proposition 7.4 have their analogues for d .
We summarize this together with the preceding discussion below.

Proposition-Definition 7.7. The sheaf t* G comes along with a distinguished
section d which gives rise to the following structures.
1) df defines the weight filtration gF] of ©*Gr as in (7.12) and which has the

properties described in Lemma 7.5. Furthermore, dJ is a section of g{fl and its
adjoint action shifts the index of the filtration by 2, i.e. one has

ad(dj)(glr"]) c g[F"“].

2) The filtration g{: ] together with the twisted orthogonal decomposition of T*Gp
in (7.15) gives rise to the bigrading

Gr(t*gr) = @ Gr?i(t*Gr)

pq

of the associated graded sheaf Gr(t*Gr), where GrP4(t*Gr) are defined in
(7.16) and the direct sum is taken over the points (p, q) € Z* lying in the square
described in Lemma 7.2, (2). This bigrading turns Gr(t*Gr) into a sheaf of
bigraded Lie algebras with respect to the Lie bracket induced from t*Gp.

3) Let dg be the image of d} under the natural projection
2] 21,5131

Then E is a section of Gr'! (t*Gr) and its adjoint action has the following
propetrties.

(i) ad(E)(Gr”"’(t*gF)) C GrPtYatl(c* G, for every (p,q) occurring
in the double graded direct sum in (2).
(ii) For every integer k € [0,2(Ir — 1)], one has the isomorphism

(ad(dF))* : Gr™*(*Gr) — Gr*(z*Gr)
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which has type (k, k) with respect to the bigrading in (2). In particular, it
induces isomorphisms

(ad(d))* : GrP9(t*Gp) — GrPHhatk(zgry,

forevery (p,q) suchthat p+q = —k and p € {—(Ilr—1),...,(r—1)—k}.

The data of TG together with the section dJ and its weight filtration QF 1 the
twisted orthogonal decomposition in (7.15), the associated graded sheaf Gr (t*GT)

in (7.14) with its bigrading in (2) and the section dJ” will be called sly-structure of
Gr associated to d +,

The essential point in defining the sl;-structure of G~ was to view the morphism
dt .7, — Gr
defined in (5.26) as a distinguished section of T*G, where
T: T, — jr

is the natural projection. But of course the morphism contains more information.
Indeed, by going to a point ([Z], [«],v) of T, we have taken just a single value
d*(v) of d* at ([Z],[«]). Though clearly intrinsically attached to ([Z], [e], V), it
ignores completely all other values of d T at ([Z], [«]). We will now remedy this by
taking the pullback by 7 of the whole morphism d . In other words we consider the
morphism

™dY) ", — t*Gr. (7.18)

Remark 7.8. Besides the above, formal, reason there is also a geometric reason
to consider the morphism t*(d*). This is based on the geometric point of view
on the morphism d*. Namely, consider Gr as a vector bundle over Jr and view
d™ as a map of bundles over Jr. This gives the following commutative diagram of
morphisms

Iy ——— Gr (7.19)

where t and y are the natural projections.
Consider now the relative (with respect to the projection 7) differential d,(d )
of the morphism d . This gives the morphism

d.d*): T, — (d)*T,, (7.20)



7 sl,-Structures on Gr 121

where 7; (resp. 7,) is the relative tangent sheaf of t (resp. y). Since T, and Gr are
vector bundles over J and (resp. y) is its natural projection we have

T. = t°(Ty) (resp. T, = y™(Gr)) (7.21)
and the morphism in (7.20) becomes
de(d™) : T(T) — (d5)* (" (Gr)) = " (Gr)., (7.22)

where the last equality comes from the commutativity of the diagram in (7.19).
Finally, since d T is linear along the fibres of the projections, this is nothing but the
morphism 7*(d ") in (7.18). Thus we have

d.(dT) =7t*d"). (7.23)

In view of this equality we will denote this morphism by d*.

We have seen that the sheaf 7*(Gr) together with the section d carries a rich
structure described in Proposition-Definition 7.7. A part of this structure is the
weight filtration in (7.12). Using the morphism d " this filtration can be transplanted
to t*(7,;). This becomes especially pertinent in case of I" being simple, since in this
case the Infinitesimal Torelli property holds (see §5.3, Corollary 5.15) and it makes
the morphism d . injective ( see Proposition 5.13). Thus, in a nut-shell, we have that
the relative tangent space T ([Z]. [«]) of Jr at a point ([Z], [«]) € Jr acquires a
filtration intrinsically associated with every tangent vector v € T ([Z], []) or, even
better, with every point of the projective space P(77 ([Z], [¢])). In what follows we
establish some basic properties of these filtrations.

First we recall that the morphism dj' takes values in the summand r*gi_, of

the twisted orthogonal decomposition in (7.15). The weight filtration Q[I? Vin (7.12)
induces the weight filtration on z*g}. Due to Lemma 7.2, (1), this gives the
following

gl = gHET 5 gl 5 5 gl 5 gt Z g (7.4

where gi;["] = r*gi_, N g{i’]. Transferring this filtration to 7*(7;) via the
morphism d gives the filtration W*(t*(7;),d ") on t*(7,), where one sets

W' (T (Tr).d¥) = (@) (G . (7.25)

Definition 7.9. The filtration W*(t*(7,;),d ") will be called the weight filtration
of t*(7,) associated to d * or simply, the d *-filtration of 7* (7).
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Proposition 7.10. The d *-filtration of t*(T;) has the following form:

T(T) =W(t*(Tr).d ) D ... D W (" (T).d ) D Wt («*(T;).dH) =0.
(7.26)

Proof. The assertion is equivalent to saying that the image of d_* is contained in

gi;“’] of the filtration in (7.24). To see this observe that the sheaf 7*(7;) comes with
the tautological section which will be denoted by iy, i.e. for a point ([Z], [«],v) € T,
the value io([Z], [@],v) = v. Consider its image d " (io). This is now a section of
r*g}. This is of course the distinguished section d of t*G defining the sl,-
structure in Proposition-Definition 7.7, so from now on we use the notation dg
instead of d " (ip).

We know that d is a section of g;;m
more, the image of d is a subsheaf of commutative Lie subalgebras' of *Gr.
In particular, the image of d.* commutes with the section dJ". Thus we have an
inclusion

of the weight filtration (7.24). Further-

im(d) C ker(ad(d})). (7.27)
From the properties of sl,-representations and the definition of the filtration Q’F ]
[see (7.11), (7.13)] it follows that ker(ad(d})) cg[F‘" . o

'Recall: (1) by Remark 5.3 the values of d are the same as the values of the morphism D7 in
the triangular decomposition in (2.63), and (2) the image of DT (H), by [R1], Lemma 7.6, is a
subsheaf of abelian Lie subalgebra of Gr.



Chapter 8
Involution on Gr

In the two preceding sections we considered sl,-triples of G~ arising from nilpotent
elements d T (v), for v being tangent vectors in the relative tangent sheaf 7, and
d™ is the morphism defined in (5.26). However, it was explicitly indicated in the
beginning of §6 that we also have a choice of working with elements d ~(v), the
values of the morphism d ~ in (5.35). Such a choice leads to slp-triples {e, &, d ~(v)},
where d ~(v) is nil-negative, / is semisimple and e is nil-positive elements of a
triple. In addition, the grading of G~ in (4.72) allows to take & (resp. ) in g‘l’,

(resp. g}). With these choices in mind we go through the constructions analogous
to the one’s in §6.2. There is nothing conceptually new: the objects have the same
meaning as in §6.2 with only the notational difference—we switch the sign “+”
to “—". Thus the scheme parametrizing all sl,-triples with values of d~ as nil-
negative elements is denoted by h®(d ). It is defined similar to h®(d *) in (6.22), i.e.
this is the incidence correspondence in T Xj,. G'r, parametrizing the quadruples
([Z], [e], v, h) such that the triple {e,h,d~(v)} is an sl,-triple with d~(v) nil-
negative, i € G+ ([Z], [«]) semisimple and e € G'+([Z], [«]) nil-positive elements
respectively. The projection of h’(d ™) on the first factor of T X, Gr will be
denoted by 1. Composing it with the projection t gives the morphism

T =rtony th'd7) - Ty - Jr . (8.1)

As in §6.2 we take (z7)*(Gr) and denote by (s")*, (s")° its three distinguished
sections whose values at a closed point ([Z], [«], v, &) of h’(d ™) are given by the
following identities:

)~ (Z) [elv.h) = d~ (). ()°(Z].[ed.v.h) = h

and (s")"([Z]. [a]. v, h) is uniquely determined by %, d ~(v) and the requirement
that
{2, (e, v, h), h,d ™}

1. Reider, Nonabelian Jacobian of Projective Surfaces, Lecture Notes 123
in Mathematics 2072, DOI 10.1007/978-3-642-35662-9_8,
© Springer-Verlag Berlin Heidelberg 2013
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is an sl,-triple with & semisimple, d ~(v) (resp. (s")*([Z], [], v, h)) nil-negative
(resp. positive) elements respectively.

The next step is to consider the defining representation of this universal (negative)
triple on (z~)*F. This gives the weight decomposition of (z~)* " under the action
of the semisimple element (s")’:

l[‘—l
)F= P Wn. (8.2)

n=—(Ir—1)
Applying the conventional shift in grading we obtain

2(Ir=1)

) F = V. (8.3)
n=0

where V'(n) :=W'(n —Ir + 1), forn =0,1,...,2(Ir — 1).

The main goal of this section is to relate this weight decomposition with the one
in §6.2, (6.29). The key point here is the involution (-)" of taking the adjoint which
we have already encountered in (7.3). In particular, the involution switches from d *
to d~ and vice verse, i.e.

@5 =d¥,
something we have already seen in (5.40). This implies that (-)" induces an
isomorphism
i :h%d*) — h'd") (8.4)

given by the formula
i((Z), [l v, 1) = (IZ], [, v, hT) . (8.5)

In particular, i commutes with the projections rﬁE making the following diagram

W) — R (8.6)

N
T,

commutative
Applying the involution to the universal sl-triple {s*,s% s~} in §6.2 yields
another sl,-triple
OGO 8.7)
of sections of (z*)*Gp. This triple is related to the universal negative triple
{(s))7, (s")%, (")~} of sections of (t7)*G as follows.
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Lemma 8.1. The sly-triple {(s7)", (s"), (s} is equal to the pullback by i in
(8.4) of the sly-triple {(s)) T, (s")°, (s")~}. More precisely, one has

(")) = ()" and i*((s)") = (). (8.8)
Proof. Let ([Z]. [a]. v. k) be a closed point of h(d t). Then by definition
)'(2], [], v, ) = h'. (8.9)
On the other hand, evaluating i *((s")°) at ([Z]. [a]. v. k) gives
()21 [), v, ) = ()G (2], [), v, ) = (")°([Z]. [, v, ) = A

Combining this with (8.9) yields the second equality in (8.8).
Turning to the first equality in (8.8) we have

(OHAZ) (e v h) = ()7 (Z) [e). v k') = d~ () = @ F ()]
= (2] [ed. v, ).

Hence the equality i*((s")”) = (sT)'. The uniqueness of (s7)" (resp. (s")™")
guaranties the remaining equality i *((s")*) = (s7)". O
From the diagram in (8.6) and the definition of T% (resp. ™) in (6.24) [resp.

(8.1)] one obtains 3 y
CH*F =i*()*F). (8.10)

Combining this with the decompositions in (6.29) and (8.3) yields two gradings on
(T F
2(Ir—1) 2(Ir=1)

Y F =P vin= P i*Vw). (8.11)
n=0

n=0

They are related by the orthogonality conditions below.

Proposition 8.2. For everyn € {0,1,...,2(Ir — 1)} the following holds.
D V)t =@,z i*V'(m)).

2) The quadratic form q in F' induces non-degenerate bilinear pairing
V() xi*V'(n) — Onoa+)
vielding an isomorphism
i*V'(n) = (V(n)*.

Proof. Let ([Z],[«], v, h) be a closed point of h®(d T). Then the fibre of (tH)y*F
at this point is '([Z], [«]), the fibre of F' at ([Z], [«]) € Jr. From the equality in
(8.11) it follows that this vector space admits two weight decompositions
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2(Ir—1) 2(Ir—1)

F(2l.le) = @ v (z).[).v.h) = @ V) (Z].[a].v.h")

n=0 n=0

corresponding to the action of # and h' respectively. Our task will be to compare
them.

Fix a summand V(n)([Z], [«], v, h). According to the shifting convention this is
the weight space of /& corresponding to the weight n” = n — I + 1. For every
x € V(n)([Z],[a], v, h) and y € V' (m)([Z], [a], v, hT) we have

n'q(x, y) = @h(x), y) = 4.1 () = m'acx, y)

where m’ = m — Ir + 1. This implies that q(x, y) = 0, for all m" # n’. This gives
an inclusion

PV m (2. [e).v. k') € V)(Z]. o], v, )" (8.12)
m##n

On the other hand the bilinear pairing
F((Z].]e]) x F/([Z].[e)) — C
induced by q is non-degenerate. This together with the inclusion in (8.12) imply that

the pairing
V(n)([Z]. [e], v, h) x V' (n)([Z]. [a].v.hT) — C (8.13)

induces an injection

V() (Z], [l v, ) € V' (n)*(Z], e, v, 7). (8.14)
Interchanging the roles of V(n) and V' (n), we obtain an inclusion

V'(n)([Z], el v, ") € V0D *(Z], e, v. 1) .
Combining this inclusion with the one in (8.14) implies that that both inclusions are
equalities and the pairing in (8.13) is perfect. Hence part (2) of the proposition is
proved.

To complete the first part of the proposition we need to show that the inclusion
in (8.12) is an equality. But this follows from the equality

dim (V(n)((Z]. [e], v, 1)) = dim (V' (0))*(IZ]. [e]. v, h"))

and the fact that the pairing in (8.13) is perfect. O
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As in the case of d T we go on to define the bigrading on (t™)*F'. This is done
by setting

HP =V (p+q)( |x)HI. (8.15)
This yields
Ir—1
(t7)*H! = @ "HP (8.16)
p=0

and hence a bigrading of (T F

() F = @ 'HPY | (8.17)

(p.q)

where the sum is taken over the points (p,q) € Z? lying in the same square as in
Proposition 6.5.

Observe that the section (s)” is the pullback by n7 of d, the section
d; of G canonically attached to the morphism d~. All the properties of
Proposition 6.5 hold for the bigrading in (8.17) with the only difference that the
role of s there is taken over by (s”)~. This is an endomorphism of type (—1,—1)
with respect to this bigrading, i.e. (s")” induces the morphisms

(s")™ :'HPY — "HPT14TT (8.18)
for every (p, g) occurring in (8.17). Thus (3) of Proposition 6.5 reads as follows:
for every integer k € {0,...,Ir — 1}, the endomorphism (s’)~ induces the
isomorphism
(O VUr—14+k) — V' (Ir—1-k) (8.19)

which is of type (—k, —k) with respect to the bigrading in (8.17). In particular, one
has isomorphisms
(s - HPY — THP TR (8.20)

forevery (p,q) suchthat p +¢q =Ir — 1+ k and p,q > 0.

The bigradings (6.34) and (8.17) are also related via the pullback by the
isomorphism i in (8.4). The following can be viewed as a sort of Hodge-Riemann
bilinear relations between the two bigradings.

Proposition 8.3. The sheaves HP in (6.34) and ~i’"(’Hf’/’q/) are orthogonal with
respect to the symmetric bilinear pairing on (t)*F' induced by the quadratic form
qon F', unless p = q' and q = p’. In this latter case the pairing

H”4 x i*(/Hq’p) —> OhO(df)

is perfect.
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Proof. By definition of the bigraded sheaves in (8.15) one has
() =it (Vr + ) @) ) =i (Vo + ) (i* (@) R

i* (V/(p/ + q/)) ﬂ(f+)*Hq/ '

On the other hand by (6.31)
H?? =V(p +q) m(t+)*HP.

Using the orthogonality of the summands (r+)*H‘1/ and (tT)*HP?, for all ¢’ # p
and Proposition 8.2, we obtain

i*(HPy L P

unless ¢’ = p and p’ + ¢’ = p + g. Hence the first assertion.
The second one follows from the first and non-degeneracy of the pairing

@EH*F) x @H*(F) — Onwoa+)

induced by q. O

Next we turn to the weight filtration associated to d~. For every n €
{0,...,2(Ir — 1)} set

v, =EVm). (8.21)

m<n

These sheaves are constant along the fibres of the projection
n h'dT) — Ty

for the same reason as for the sheaves V" in (6.35) and the projection nf. Thus there
are sheaves W,; on 77, such that

)W, =V, (8.22)
and the increasing filtration
0=W,CW,C.. Wy =1"F (8.23)

which will be called the weight filtration of 7* F” associated to d .

The properties of this filtration are similar to the ones of WW* in Proposition-
Definition 6.6 with the difference that dJ there should be replaced by d; and the
arrows of the corresponding morphisms should be reversed. Thus one obtains the
following.
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Proposition-Definition 8.4. The sheaf t*G comes along with a distinguished
section d . This section viewed as an endomorphism of the sheaf T F' gives rise to
the following structures.

1) d defines the weight filtration W, as in (8.23) and d acts on it by shifting the
index of the filtration by (—2), i.e. one has

dy W) C Wiy,

forevery k > 0.

2) Set 3
Gryy, (T F) = Wi /Wi, .
The orthogonal decomposition in (6.38) induces a grading on Gr{ﬁv, (r*]} ")
Gr{jvé(t*]}’) = @ Grﬁ\zp’p(t*f/),
where the summands are defined as follows
k—p. -
Gry (@ F) = Wi (o) /(Wi [ T*H)).

3) The associated graded sheaf

2(Ir—1) 2(Ir—1)
Gry,*F)= @ Gy, *F) = P Wi/Wi,
k=0 k=0

Of‘L'*j'L/ defined with respect to the weight filtration W, together with the grading
in (2) acquires the bigrading

Gry,(T*F) = @ Grii (- 7). (8.24)
(r.9)

where the direct sum is taken over the points (p,q) € Z* lying in the square
described in Proposition 6.5, (1).
4) The endomorphism d induces the endomorphism
gr(dy): GrW;(r*]}/) — G”WL(T*]}/)
which has type (-1,-1) with respect to the double grading in (3), i.e. one has

gr(d) (Gl (" F) € Gr M @ 7.

for every (p, q) occurring in the decomposition in (8.24).
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5) For every integer k € {0,...,Ir — 1}, the endomorphism gr(d;) induces the
isomorphism

(gr(@d)* : Gry HF) — Gy TR

which is of type (—k, —k) with respect to the bigrading in (3). In particular, one
has isomorphisms

(r(d))* : G (* F) — Grl S @ F),

for every (p,q) suchthatp +q =Ilr — 1+ kand0 < p,qg <Ir— 1.

The data of T F together with d; and its weight filtration WL, the orthogonal
decomposition in (6.38), the associated sheaf Gryyy;, (T*F') in (3) with its bigrading
in (8.24) and the endomorphism gr(d;) will be called sl,-structure of F’ associated
to d~ or the natural negative sl,-structure of F”.

We now have two weight filtrations W* and W, of t* F' associated to d+ and
d~ respectively. As in the case of the corresponding weight decompositions in
Proposition 8.2 they are related by orthogonality.

Proposition 8.5. For everyn € {0,1,...,2(Ir — 1)} the following holds.

)W, = wrthL,
2) The bilinear pairing on * F', induced by the quadratic form q on F, defines a
perfect pairing
W (T F /W) — Or, .

Proof. By the defining property of the filtration V*® in (6.36) we have

(771) Wn+l Vn+l @ V(m)

m>n—+1

where the last equality is the definition in (6.35). Applying Proposition 8.2, (1), to
Vit yields

((Hy*wrtht = wrthL = Bi*V'(s) = i* (V) = i* ()W) = (i)W, .

s<n

where the third and the fourth equalities come from (8.21) and (8.22) respectively,
while the last one is the commutativity of the diagram in (8.6). Thus we obtain the
first assertion.

Turning to the second part observe that (1) implies that the pairing

W s o* F — Or,

defined by q descends to W"*! x (r*]? '/W)) and the induced pairing



8 Involution on Gr 131
W' (e F' /W) — Or,

gives an injection
+1 = *
W s (T F /W)
From Proposition 8.2, (2), the ranks of both sheaves above are equal. Hence the
above inclusion is an isomorphism. O

We have now two a priori distinct sly-structures on t*F': the one is positive,
associated to dt in Proposition-Definition 6.6, and the other one is negative,
associated to d~ in Proposition-Definition 8.4. They give rise to two bigraded
sheaves of modules

Grws(T*F) = P Griy(* F)). (8.25)
(p.9)

Gry,(t*F) = P Gr); S F). (8.26)
(p.q)

These two bigradings are related as follows.

Corollary 8.6. 1) For every n € {0,1,...,2(Ir — 1)}, there is a natural perfect
pairing
W WS W W, — Or, (8.27)

inducing the perfect pairing of graded sheaves

Grys (T*F') x Gryy, (t*F') — Or, . (8.28)
This gives rise to the duality isomorphism

Grs (t*F') 2= (Gryy, (* F))". (8.29)
2) The pairing in (8.28) induces pairings of the bigraded sheaves

Grif(t*F') x Grp A (O F) — Or,
which are identically zero, unless p' = q and g’ = p and in that case the pairing

Grid(t*F) x Grly (r F'y — Or,

is perfect. In particular, the duality isomorphism in (8.29) is a “bralded 7 iso-
morphism of bigraded sheaves, i.e. the isomorphism in (8.29) maps Gr 1 (t*F')

isomorphically onto (Grq p(r*]—"))
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Proof. Applying Proposition 8.5 to n and n + 1 one deduces the perfect pairing
asserted in (8.27). Putting these pairings together for all n yields the perfect pairing
in (8.28).

The part (2) follows from the first part and the definitions of graded sheaves
Gridh(t*F') (resp. Gré'\;’;q/(t*]:")) in Proposition-Definition 6.6, (3) [resp.
Proposition-Definition 8.4, (3)]. O



Chapter 9
Stratification of 7,

In this section we use the morphism d+ defined in (5.26) for geometric purposes.
Throughout this section we fix an admissible component I" in C" (L, d) and assume
that it is not quasi-abelian (see Definition 4.20). As before 7, denotes the relative
tangent bundle of Jrover T

9.1 Linear Stratification of 7,

This stratification arises, when we consider the morphism d ™ written as in (5.75).
Forevery p € {0,...,Ir — 2} set

df : T, — HomH? H'*) ©.1)
to be the p-th component of d* and define
T = ker(d)). (9.2)

The following result gives some basic properties of these subsheaves.
Lemma 9.1. Forevery p € {0,...,Ir — 2} the following holds

]) fz;[(P) C IZ;[(IH_I)
)T AT,

Proof. Let v be a local section of ’]},(p ). From Remark 5.3 it follows that a local
section ¥ of H lifting M ~'(v), where the isomorphism M is as in (5.23), is subject
to the following property

D;’(fz) = 0. 9.3)

This implies that the multiplication by v preserves the subsheaf H_ p—1 of the
filtration H_, in (2.30). From the definition of this filtration in (2.24) one deduces

1. Reider, Nonabelian Jacobian of Projective Surfaces, Lecture Notes 133
in Mathematics 2072, DOI 10.1007/978-3-642-35662-9_9,
© Springer-Verlag Berlin Heidelberg 2013
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that the multiplication by v preserves ﬁ_q, for all ¢ > p + 1. This in turn is
equivalent to

Using Remark 5.3 once again, we obtain
df(v)=Df () =0, Yg=p.
Hence v is a local section of ’]}(") , forall ¢ > p, yielding the inclusion
Tﬂ(p) C 7;(11+1) )

This proves the first assertion of the lemma. To see the second one we assume the
equality Tﬂ(lr_z) = 7. Then the argument of the proof of the first part implies that
the multiplication by any local section of H preserves I:I_/H_l. But this means that
the filtration in (2.30) stabilizes at I:I_/H_l. This contradicts the fact that the length
of the filtration is /. O

We switch now to the geometric point of view of bundles over Jr: the subsheaves
7" in the above lemma correspond to proper subschemes of 7;,. We denote them
by T;fp ) Then the inclusions in Lemma 9.1, (1), give the stratification

TOcrtVc...cTdr?crrV=r, (9.4)

which we refer to as linear stratification of T.

Remark 9.2. An admissible component I' is simple (Definition 4.22) if and only if

the stratum T,SO) is the zero-section of T,. More generally, if tr is the Torelli index
of I', then
T(O) — .= T(Tr—l)
I T

is the zero-section of 7.
In the extreme case of I', being subject to the strong Torelli property (see
Definition 5.20), the linear filtration is reduced to

7O =1 C T,

where T,SO) is the zero-section of 7.

9.2 sl,-Stratification of T,

In this subsection we use sl-structures discussed in §6 to produce a “non-linear”
stratification of 7.
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From the assumption that I" is not quasi-abelian it follows that the sheaf G
is non-zero. We know that its pullback 7* G comes along with two distinguished
sections d . From §8 they are exchanged by the involution of taking the adjoint and
their sl,-structures are related via orthogonality. So it will be enough to consider one
of them, say d . Considering the natural (defining) representation of Gr on F', we
view d as an endomorphism of T F

df o F — o F 9.5)

and consider its kernel
Kt :=ker(d}). (9.6)

From the point of view of sl,-representations this subsheaf parametrizes the highest
weight vectors. Hence the importance of this subsheaf.

Since d is of degree 1 with respect to the orthogonal decomposition of *F' in
(6.38) its kernel inherits this decomposition, i.e. we have

Ir—1

Kt =K, (9.7)

p=0

where (KT)? = t*H? (| K. Furthermore, the weight filtration W* defined by d
[see Proposition-Definition 6.6, (1)] restricts to each summand (K*)? and hence
produces the weight filtration

(KHr = (IC+)”’[O] ) (IC+)”’[1] 5...0 (/C+)p,[2(lr—1)] ) (/C+)P~,[21r—1] =0,
9.8)
where ()Pl = (ICF)? (M| W™. The properties of sl,-representations allow us to
be more precise about the form of these filtrations.

Lemma 9.3. The weight filtration (KKT)?*] has the following form
(KHyr = (;C+)p~,[/r—1] ) (;C+)p,[lr] 5...D (;C+)p~,[p+lr—1] D) (;C+)p~,[p+lr] =0.
(9.9)

Proof. Take the pullback (nf)*(l@')” and examine the weights of s° on it.! Since
(K*)? is generated by highest weight vectors of the representation of the sl,-triple
{sF, s s}, these weights must be positive. On the other hand from Lemma 6.1 it
follows that the weights of s on the summand (z*)*H” in (6.30) are at most p.
Keeping in mind the shift convention we deduce

(KH? c W=t and (KHPM =0, Ym > p+ 1.

Hence the assertion of the lemma. O

'We use the notation of §6.2, Proposition 6.5.
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The orthogonal decomposition (9.7) together with the weight filtration in (9.9) give
rise to the associated bigraded sheaf of modules

Ir—1 (p+ir—1

Grwe(KH =P | P Grivekh | . (9.10)

=0 \g=Ilr—1

where Gr LKty = (KT)P [q]/(IC+)1’ la+1] Thus , for every (p.q) occurring in
(9.10), the bigraded sheaf Gr et parametrlzes the highest weight vectors of
weight (¢ — Ir + 1) (shifting conventlon) which are located in the p-th summand
of the orthogonal decomposition in (6.38). Equivalently, Grp L (K1) parametrizes
irreducible sl,-representations of weight (¢ —/r+1) which are contalned in the range
[p —q +Ir — 1, p] of the grading in (6.38). Hence the bigraded sheaf encapsulates
the decomposition of (z7)* F' into the direct sum of isotypical irreducible sl,-
submodules, with the additional feature of keeping track of where these submodules
are located with respect to the grading of (r+)*f' "in (6.30).

With the representation theoretic meaning of the bigraded sheaf Gryye (K1)
clarified, we turn to its geometric aspect. Namely, we use the decomposition in
(9.10) to stratify T, according to the ranks of its bigraded summands. To do this we
need some notation.

For a point ([Z], [@],v) € Ty, we denote as before d ™ (v) to be the value of d}
at ([Z], [«e], v) and set

l[‘—l
K* () =ker(d* () = PEH) () (9.11)

p=0

to be the fibre of Kt as well as of its orthogonal summands (X1)?’s at ([Z], [«], v).
Analogously, W*(v) will denote the fibre of W* at ([Z], [], v). This is the weight
filtration of F’([Z]) associated to the nilpotent endomorphism d *(v). Set

Griyeqy (KT ) = (KM @)/ (kKM () 9.12)

to be the associated bigraded vector spaces, where (KT)”ld(v) = (KT)?(v)N
Wi (v).

Remark 9.4. The representation theoretic meaning of these spaces is quite trans-
parent: it parametrizes irreducible sl;-modules of weight (¢ — Ir 4+ 1) which are
contained in the submodule

P Ir—1

P H(2].le) c F(2) = PH(Z].[«]).

k=p—q+Iir—1 k=0
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The sl,-action on F'([Z]) is the one given by an sl,-triple in h®(d T (v)), the fibre of
h®(d T) in (6.22) lying over ([Z], [a], v). If {d T (v), h, y} is such an sl,-triple, then
the above can be stated as follows.

Define the subspace

MP(w.h) = @ y* (KT (v))

k>0

of F'([Z]) and observe that it is invariant under the action of {d*(v),h, y}. Thus
it is an sl,-submodule of F'([Z]) contained in I:I_,,_l([Z], [@]). Also set S" =
Sym" (C?) to be the standard irreducible sl,-module of weight 7, then we have a
(non-canonical) isomorphism

Gryey (KT () = Homg, (ST M7 (v, ) | (9.13)

where Homyg, is the Hom-functor in the category of sl;-modules.

Using the notation in (9.12) we set

Hop®) = dim (Grigi T o)), 0g=p i =1 (014
From (9.13) it follows that these integers are the multiplicities of irreducible sl,-
submodules of F’([Z]) having the weight ¢ and contained in the range [p —¢, p] of

the grading
Ir—1

F(2) = EPu(2].[a]).

m=0

We arrange the integers (1 ,(v) in Ir X [1 upper triangular matrix
MT) = (M) (9.15)

with zeros below the main diagonal, i.e. M(v+),1p = fUgp. YO<qg=<p=<Ir—1
and M(v"),, =0, VO<p <q <Ipr—1.

Definition 9.5. The matrix M(v") in (9.15) will be called the multiplicity matrix
of d T at ([Z], ], v) or, simply, d T-multiplicity matrix of ([Z],[«],v). Its entries
in the upper triangle will be called the d ™-multiplicities of ([Z], [e],v). (If no
ambiguity is likely we omit the reference to ([Z], [¢]) in the above terminology
and simply speak about d T-multiplicity matrix and d T -multiplicities of v).

Proposition 9.6. Let I' be an admissible component in C" (L, d) and assume it is
not quasi-abelian. Let T, be the relative tangent bundle of the natural projection

N:jr—)f.

Then T, admits a partition into a finite union of locally closed subsets on each of
which the multiplicity matrix of d T in (9.15) is constant.
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Proof. The finiteness follow from the fact that the set of matrices in (9.15) is finite.
Indeed, all the matrix entries M (vt),, are non-negative and

P P
MPhy ="M =Y pgp = dim(KH)?(v) < rk(H?) = hf..
q=0 q=0
(9.16)
Next we turn to defining the strata of the asserted partition. For this consider the
stratification of T, according to the rank of X

T,=T'>T2> .. >TSS =g, (9.17)
where d]. = rk(]:" ") and where each stratum 77, set theoretically, is defined as

follows
T = {([Z].[e].v) € Tx|dim(Kt(v)) = d}. —rk(dT(v)) = s} .  (9.18)

Thus (9.17) is the stratification of T}, by the degeneracy loci of the morphism d_
in (9.5) and each stratum is a closed subscheme of 7;, which we consider with its
reduced structure.

For every locally closed part

o

T’ =T\ T;"!

which is non-empty, consider the set Irr(7T*,) of its irreducible components. For
every component X° € Irr(T*,) the restriction K+ ® Oss is a locally free sheaf

of rank 5. The components in /rr(7T* ;) will be called admissible strata of rank s.
Choose an admissible stratum %° of rank s. In view of the orthogonal decompo-
sition of KT in (9.7) the summands (K*)” ® Oss are locally free, whenever they
are non-zero. Setting
kP (%) = rk(K*)? ® Ox:), (9.19)

we obtain the vector
(%) = (k=) k'(Z%),.... k7). (9.20)
This is a composition of s, i.e.

Ir—1

le(E)] =Y kP(Z) =5 9.21)

p=0

Thus we obtain a map

c: Irr(TSS,,) — Ci.(s), (9.22)
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where Cj.(s) is the set of compositions of s having /r parts (the parts here are
allowed to be zero).

Let K = (k. k',...,k'"=") be a composition lying in the image of the map c in
(9.22) and let X° be an admissible stratum of rank s with ¢(2°) = K. We can now
stratify such a ©* according to the ranks of the subsheaves (X )7 [Ir =144l @ Oy, of
the filtration in (9.9) restricted to X°, forg = 0, ..., p, i. e. ¥ can be partitioned
into the disjoint union of locally closed strata on each of which the ranks of the
sheaves (K1) Ir=1+4l @ Oy, are constant forall 0 < g < p < [r — 1. This in turn
implies that on these strata the ranks of the quotient sheaves

Gr{/l\}l.r_l+q(lc+) = (KHyplr=1+d oty lirtal

are constant for all 0 < ¢ < p < Ir — 1. These ranks arranged in an upper triangular
matrix yield the d T-multiplicity matrices which are constant on each of these strata.
O

Remark 9.7. 1) For every point ([Z],[e],v) € T, the endomorphism d t)
annihilates the summand H'"~! and the subspace ¢ of H([Z], [@]) = H°([Z], [«])
described in Proposition 4.6. This implies that

T =T,

forall s < hl'™" + rk(Cr), where Al ™" = rk(HIT1).

2) A component I' is simple (Definition 4.22) if and only if the stratum T: r
is the zero section of 7, (this is seen by combining Corollary 5.15 and
Proposition 5.13).

3) The strata in Proposition 9.6 are indexed by d *-multiplicity matrices (Defini-
tion 9.5). Given such a matrix, say A = (A4,,), denote by X (A) a stratum of T
on which the d *-multiplicity matrix is constant and equals the matrix 4. From
this matrix we can read off the following:

a) The ranks of the bigraded summands of the bigraded sheaf Gryys (K1) ®
O):(A) in (9.10), ie.

rk(Gris ™ KT ® Osa) = Agp »

forall0 <g <p<Ir—1.
b) The rank of the stratum 3 (A) (see the proof of Proposition 9.6) which is given
by |A] = Zq,p Agp, the sum of all entries of A, i.e. one has an inclusion

o4l
S(A) T, =THAN\THAF

c) The composition c(X(A4)) [see (9.20)] or, equivalently, the ranks of the
sheaves (KT)? ® Ox4), for p =0,1,...,Ir — 1:
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kP (2(A) = rk((K*)? ® Ogy) = Y Agp .

q

The d*-multiplicity matrix A of a stratum X(A) can be viewed as a bigraded
version of the Hilbert vector Ar (see Lemma 2.3) of the admissible component
underlying X (A). The passage from the d*-multiplicity matrix A to the
composition

c(Z(4)) = (K" (Z(A)),... .k (2(4))

gives the obvious inequalities
kP(S(A)) <hf, YVO<p<Ip—1.

Furthermore, kT "1 (2(4)) = thF_l and the other inequalities are strict unless
3:(A) is contained in one of the “linear” strata T;p ) of T, described in (9.4).
Let M;.(Z+) be the semi-ring of /r x /p-matrices with non-negative integer

coefficients and let Blt (Z) the subset of M;.(Z+) consisting of upper triangular
matrices. The result of Proposition 9.6 suggests the following terminology.

Definition 9.8. A matrix A in Blt (Z4) is called admissible if there is a stratum

in Proposition 9.6, whose d *-multiplicity matrix is A. The set of all admissible
matrices in Blt (Z+) will be denoted by Blt”dm (Z4).

Remark 9.9. Replacing d by d gives us the kernel

Ir—1
K™ =ker(d;)=EPEK)". (9.23)

p=0

Using the filtration W, in (8.23) and keeping in mind that the weights of the
negative slp-structure are distributed in the same way as for the positive one (see
Proposition 8.3), we obtain the following induced filtration on each summand (™)”

0= (K—)[p—l],p C (K—)[p],p C (;C—)[p+1],p C---C (;C—)[lr—l],p = (K7,
(9.24)
where (K7)"7 = (K7)? (W, This leads to the associated bigraded sheaf of

modules o
Grw,(K") = P (@ Gryy, (IC‘)) : (9.25)

p=0 \q=p

Considering all the above at a point ([Z], [¢], v) of T, gives us bigraded modules

Ir—1 fIr—1
Grv,m(K~ () = P (@ Gryy, (V)(/c—(v))) ,

p=0 \g=p
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for every vertical tangent vector v in T ([Z], [«]), the fibre of T, over ([Z], [«]) €
Jr.

Similar to d T (v) we set
1) = dim(Gri (K™ () 9.26)

and call these numbers d ~—-multiplicities of v. As in (9.15) we arrange them in a
matrix, but this time the lower triangular one,

MO )= MG )gp) 9.27)

with M(v7),, = u;p(v), forall 0 < p < g < Ir — 1, and zeros above the
main diagonal. The matrix M (v~) will be called the multiplicity matrix of d~ at
([Z], [e], v) or, simply, d ~-multiplicity matrix of v.

Using bilinear pairings in Proposition 8.3 together with properties of sl,-
representations it is not difficult to see that d ~- and d T -multiplicities of v are related
as follows

Wop (V) = [h(r—1=g)ir—1—g+p) » (9.28)
forall0 < p<g¢g<Ir—1.

We will now give an alternative description of the stratification in Proposition 9.6.
It is based on the well-known correspondence between nilpotent elements of sl, (C)
and partitions of n. Recall that given a nilpotent element x in sl, (C) one assigns to
it the partition of n by taking the Jordan form of x and arranging the sizes of its
Jordan blocks in the decreasing order. In our situation to every point ([Z], [«], )
in 7, we assign the nilpotent element d*(v) of the Lie algebra Gr(Z]. [o]).
Using the defining representation of G- ([Z]. [«]) on F'([Z]) we view dt(v) as a
nilpotent element of sI(F”([Z])) and we let A(v) to be the partition of df. = rk(F')
associated to it. Below we show that this partition is completely determined by the
d*-multiplicity matrix M (v*) in (9.15). To do this we introduce some additional
notation.

Given the matrix M (v*) we assign partitions to its column vectors by setting

AP () = (1P k™ (g 4 RO for p=0,....Ip—1,  (9.29)

k 2

where the notation m* means that the part m occurs in a given partition k times.

Lemma 9.10. The partition A(v) corresponding to d ™ (v) is the union of partitions
AP (v)’s in (9.29)

20ne calls k the multiplicity of the part m in a partition; for this and other standard notation and
facts about partitions our reference is [Mac].
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Ir—1

Av) = (AP ) (9.30)

(recall: the union A U u of two partitions is defined by the partition whose parts are
those of A and |, arranged in the decreasing order).

Proof. Observe that for every p = 0,1,...,Ir — 1, the partition AP’ (v) records the
dimensions of the summands of the graded module

P
Grvs(KH?() = P Gripeo KT v). 9.31)
q=0

We claim that this module contributes to the Jordan form of d*(v) the Jordan
blocks of sizes prescribed by the partition A”)(v). Indeed, from the properties of

5\}15(:)1 4K+ (v)) parametrizes

irreducible sly-submodules of F’ ([Z]) of weight ¢ whose highest weight vec-
tors are contained in H”([Z], [«]). Each such submodule contributes a Jordan
block of size (¢ + 1) in the Jordan form of d*(v). Hence we have j,,(v) =

di mGr{fvli (:)Hq (K*(v)) Jordan blocks of size (¢ + 1). Varying ¢ from 0 to p
gives Jordan blocks of the Jordan form of d *(v) prescribed by the partition A7) (v).

Varying p from 0 to [ — 1 gives all Jordan blocks in the Jordan form of d *(v). O

sly-representations it follows that the summand Gr

The following lemma records some properties of the partitions A(”)(v)’s.

Lemma 9.11. The partitions AP (v), for p = 0,...,Ir — 1, are subject to the
following properties.

1) AP (v) = (1ror 0211 0) - (p + 1)HerO), s weight |/\(1’)(v)‘ (the sum of all its
parts) and its length [(AP) (v)) (the number of parts) are as follows

P 14
AP =g + Digp (). 1P @) = pgp) = dim((KH)?(v)).
q=0 q=0

2) The components h%, for p < Ir — 1, of the Hilbert vector hr (see Lemma 2.3 for
definition) of T are as follows

t
h11Z = Z Z st (v) = Z(’W)(V));—pﬂ ’
t>p s=t—p Izp

where M denotes the partition conjugate of a partition A.
3) Z rl M(P)(v)| = d[ where d{. is the rank of F.
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Proof. The part (1) is the definition of A”)(v) and all the formulas follow directly
from it. The part (3) is a consequence of Lemma 9.10. To see part (2) we use the
diagrammatic representation of partitions following the convention of [Mac].

Consider the vertical levels numbered from left to right by integers
{0,...,Ir —1}. This should be thought as a visualization of the orthogonal
decomposition of F' in (5.4). Place the diagram A()(v) so that its first column
is at the vertical level labeled by 7. Reflect the diagram with respect to this level
(the rows of the reflected diagram now go from the right, starting at the level ¢, to
the left). The value 4%, which is the rank of H?, has now the following pictorial
description: it is the total number of boxes of the reflected diagrams which one finds
on the level p. Itis clear that such boxes are contributed by the rows of the partitions
A )(v)’s, for t > p, which arrive to the level p. Hence, for t > p, the contribution
of A)(v) is given by parts which are > (¢ — p + 1). This gives the first equality in
2).

The second equality in (2) is an obvious transposition: the boxes of rows of
AD@w) (t > p) counted above form the (t — p + 1)-st column of A)(v) or,
equivalently, the (t — p + 1)-st row of the transposed partition (1) (v))’. O

The partition A(v) corresponding to d *(v) reflects the presence of grading given
by the orthogonal decomposition of F’ in (5.4). So it will be useful to formalize
some of the properties of A(v) by a notion of graded partition.

—
Definition 9.12. Let n be a positive integer and let & = (ho,...,hj—;) be a
composition of n whose parts /1, are positive for all p € {0,...,/ — 1}. A partition

such that

b) the diagram of each partition A(”) is contained in the diagram of the partition
((p + 1)"»), whichis an h, x (p + 1) rectangle.

The set of all f-graded partitions of n will be denoted by P, (7).

Remark 9.13. The partition A(v) associated to d+(v) comes together with the
. / . .. ,_7 0 lF_l .

the integer d{ and its composition h'r = (h},..., % ), and using Lem-

mas 9.10, 9.11, we obtain the conditions (a) and (b) of Definition 9.12. Thus the

%
partitions A(v) belong to Pd[g(h/ r) and the assignment of A(v) to ([Z], [¢],v) € T,
defines a map

%
Ty —> Py (H'r). (9.32)

—
The image of this map will be denoted by P, (h'r) and its elements will be called
r

—
admissible &' p-graded partitions of d/..
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From Lemma 9.10 it follows that we have a bijection between the set of
admissible partitions ij (7[‘) and the set of admissible matrices Bf;“d’" (Z4)
defined in Definition 9.8. In particular, given an admissible graded partition A €
P:;f (Wp), we denote by M) the corresponding admissible matrix. In view of this
identification Proposition 9.6 can be reformulated as follows.

Proposition 9.14. Let " and T, be as in Proposition 9.6. Then there is a strat-
ification of T, given by the finite union of locally closed sets TﬂA indexed by
the admissible partitions A € P“E (ﬁr). Each stratum T?* parametrizes points

([Z], [@],v) of Ty for which the Jordan form of d*(v) is constant and prescribed
by the partition A. This stratum is the same as the one in Proposition 9.6 and it is
labeled by the d *-multiplicity matrix M.

Corollary 9.15. There is a unique stratum Tji‘ in Proposition 9.14, which is a non-
—
empty Zariski open subset of Tr. The corresponding partition in P, (W' 1) will be
/

denoted by Ar and the corresponding d*-multiplicity matrix M, . will be denoted
by M[‘.

Proof. This follows immediately from the irreducibility of 7. O



Chapter 10
Configurations and Theirs Equations

In previous sections we have seen how the nilpotent elements of G, given by the
values of morphisms d + [see (5.26) and (5.35)], give rise to very rich algebraic
and geometric structures on J(X; L, d) (to be more precise on the relative tangent
sheaf 7). These are slp-structures in §§6, 7 and the stratification in §9 respectively.
However, it is not clear yet that these nilpotent elements are useful for elucidating
the properties of configurations on X, as it is the case with central elements of Cr-,
the center of g~1—~ (see, for example, Corollary 4.13, Theorem 4.16). This section
addresses this question and it can be viewed as a concrete application of the theory
developed so far. Namely, we show how to use sl,-subalgebras associated to the
nilpotent elements, given by the values of morphisms d *, to write down equations
defining configurations arising from geometric considerations.

The way to produce these equations is somewhat evocative of the classical
method of Petri, which gives explicit equations of hypersurfaces of degree 2
(quadrics) and 3 (cubics) through a canonical curve.! We also give explicit equations
for hypersurfaces (of all degrees) passing through a given configuration. The
equations, in general, might be quite complicated and not very illuminating. What
is essential and different in our approach is that the main ingredient in getting
those equations is representation theoretic. Namely, we exploit the decomposition
of the space of functions on a configuration into the irreducible sl-submodules
under the action of slp-subalgebras, associated to the nilpotent elements of G
defined by the values of d *. This point of view on obtaining equations of projective
embeddings, to our knowledge, is new and seems to be quite fruitful for gaining
insight into projective properties of configurations of points on surfaces, geometry
of curves on surfaces and surfaces themselves (see §§§10.4, 10.5, 9.6).

ISee e.g., Mumford’s survey, [Mu], and the references therein for more details.

1. Reider, Nonabelian Jacobian of Projective Surfaces, Lecture Notes 145
in Mathematics 2072, DOI 10.1007/978-3-642-35662-9_10,
© Springer-Verlag Berlin Heidelberg 2013
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10.1 Geometric Set-Up

In this subsection we recall a geometric context of our constructions. Let I' be a
componentin C/, (L,d) and let ([Z], [«]) be a point in Jr (see §2.7 for notation).
This gives a short exact sequence of sheaves on X

0 Ox Epa T,(L) 0 (10.1)

corresponding to the extension class « € Ext}, = Ext'(Zz(L), Ox), where Z is
the sheaf of ideals of Z on X. The sheaf & sitting in the middle of (10.1) is locally
free of rank 2 with Chern classes

c1(&q) =L and (&) = d. (10.2)

From (10.1) it follows that &, comes with a distinguished global section which
we call e. This is the image of 1 € H°(Oy) under the monomorphism in (10.1).
The epimorphism in that sequence can be now identified with the exterior product
with the section e, i.e. the sequence (10.1) can be alternatively viewed as the Koszul
sequence for the pair (&, €)

0> Oy > e Ty (L) ——0. (10.3)

We will now give a description of the space Ext} in terms of geometry related
to (Ejg), €). For this we assume that it has another global section, say e’, such that
the subscheme

C=(enrne =0) (10.4)

is a smooth irreducible curve.? This situation is given by the following exact
sequence of sheaves

(e.e”)

0——0x & Ox——Ejq)——=0Oc(L| — Z)—0, (10.5)

where Z and L|, the restriction of L to C, are viewed as divisors on C.

Lemma 10.1. Let (£q),¢), Z, and C be as above and assume X to be a regular
surface, i.e. the irregularity ¢(X) = h*(Ox) = 0. Then one has the following.

1) The restriction of sections e, e’ to C give rise to two sections s, s’ of the line
bundle Oc(Z) on C. The subspace P(s, s') of H*(O¢(Z)) spanned by these
sections generates Oc(Z), i.e. the linear pencil |P(s, s")| on C is base point
free.

2This holds if €y is, for example, generated by its global sections.
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2) There is a natural identification
Ext, = H*(Oc(Z))/Cs . (10.6)
Proof. Taking the restriction of the sequence in (10.5) to C gives the sequence
0——=0¢ (Z)—=Ew ® Oc—=0Oc (L|¢ — Z)—=0 (10.7)

from which it follows that the monomorphism in (10.5) factors through O¢ (Z2).
Furthermore, the resulting morphism

Ox & Ox — Oc(2)

is surjective. Denoting the image of (1,0) € H°(Oy) ® H°(Ox) [resp. (0, 1)] by s
(resp. s”), we obtain the first part of the lemma.

The second part can be seen as follows. Put together the Koszul sequence in
(10.3) and the sequence (10.5) to obtain the following commutative diagram

0 Oy — = g — o T,L) ———=0  (108)
- |

0 ——= Ox ® 0Oy 5[0(] Oc(Ll¢c—2Z) —— 0
Ox

This yields the following short exact sequence

0 >Oy—>T,(L)—>Oc(L|p — Z)—0, (10.9)

where w = e A ¢’ is viewed as a section of Oy (L) defining the curve C.
Tensoring with the canonical bundle Oy (Kx) of X we obtain

0——=0x(Kx)——=Zz(L + Kx)—=0c(L + Kx) ® Oc(—=Z)——=0.
(10.10)
By the adjunction formula O¢ (L + Kx) = Q¢ is the canonical bundle of C, so
the last sheaf in (10.10) is Q¢ ® Oc¢(—Z). With this in mind we consider the long
exact sequence of cohomology groups of (10.10) to obtain

0——=H"Zz(L + Kx))—=H"'(Qc ® Oc(~Z))——H*(Ox (Kx))—0,
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where the injectivity on the left is the assumption of X being regular and the
surjectivity on the right comes from our basic vanishing conditions on Oy (L) in
(2.3). Dualizing this last sequence and using Serre duality give the following

0 < Ext), =—— H%Oc(Z)) =— H°(Ox) =— 0, (10.11)

where the injection on the right is given by the multiplication by the section s of
Oc (Z) defined in the part (1) of the lemma. This yields the asserted identification

Ext, = H*(Oc(Z))/Cs .

O

From the identification (10.6) it follows that a point ([Z], [«]) in Jp with the
sheaf &}, subject to the hypothesis of Lemma 10.1 is equivalent to the following
geometric set-up:

1. A smooth irreducible curve C in the linear system | L| together with a line bundle
Oc (D)

2. A flag [s] € |P(s)] C |Oc(D)]| in the linear system of O¢ (D) subject to the
following properties:

(a) s is a global section of O¢ (D) such that (s =0) = Z

(b) |P(s)| is a base point free linear pencil such that the line P(s)/Cs in
H°(Oc¢(D))/Cs corresponds to the line Ca in Ext) under the isomorphism
in Lemma 10.1

Equivalently, these data defines the morphism
ke : C — P(H(Oc(D))*) (10.12)

together with a pencil | P(s)| of hyperplanes with the one, Hj, corresponding to s.
In particular, the morphism « ([Z], [«]) in (2.32) is nothing but the restriction «¢|,
of kc to Z

kcly 1 Z — Hy =P((H(Oc(D))/Cs)") (10.13)

together with the explicit identifications

(2], [o]) = {2) y € Ext) = { é(mod Iy)

e HO(OC(D))}
= H%(O¢(D))/Cs, (10.14)

where s’ is a lifting to H°(Oc¢ (D)) of the generator of the line P(s)/Cs corre-
sponding to « under the isomorphism in Lemma 10.1, (2), and 7/ stands for the
ideal of rational functions on C vanishing on Z. The first equality in (10.14) comes
from (2.36), while the second comes from the isomorphism in Lemma 10.1, (2).
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The identifications in (10.14) allow us to view the symmetric algebra
S*(H([Z].[«])) as the ring of (non-homogeneous) polynomials on (H°(O¢(D))/
Cs)*, while the filtration H_o([Z],[e]) contains all the information about the
quotient of this polynomial ring by the ideal of polynomials vanishing on Z’,
the image of Z under the morphism «¢|, in (10.13). Hence the relevance of our
filtration H_, in (2.30) to the morphism k¢ in (10.12) and to the geometry of curves
on X.

Remark 10.2. One can go from the geometric set-up above to the bundle (of rank
2) point of view by taking a two dimensional subspace P of H°(O¢ (D)) such that
the corresponding linear subsystem | P| of |O¢(D)] is base point free. This is done
by looking at the morphism of sheaves on X

P ® Oy — Oc(D). (10.15)

The kernel of this morphism is a sheaf of rank 2 on X and the surjectivity in (10.15)
guaranties that the kernel, call it S, is locally free. Thus we have a short exact
sequence

0 —> S —> PR0Oy —= Oc(D) —= 0, (10.16)

whose dual is the sequence analogous to the one in (10.5). In particular, the dual
S* of S is a locally free sheaf on X having rank 2 and the Chern invariants L
and d = deg(D). Furthermore, it comes with a distinguished two-dimensional
subspace P* of sections.

There seem to be an incongruity here, since taking a pair (S*, P*) and going
back to the geometric set-up, the space P* is identified with a subspace of
H°(Oc¢ (D)) which should be the one we started with. However, this space is P.
This seeming contradiction is settled by the fact that dim(P) = 2 and P* can be
identified with P upon choosing an isomorphism /\2 P ~C.

The construction of the vector bundle & in (10.15) is a two-dimensional analogue
of Lazarsfeld’s construction in [Laz] and in Tyurin’s work, [Ty]. In this two
dimensional form it also was used by Donagi and Morrison in [D-Mo].

10.2 sl,-Basis of HY(O/)

Let I" be a component of C/, (L, d) and assume it to be simple (Definition 4.22).
From §4, Theorem 4.26, it follows that this assumption is inessential and we make
it to simplify the discussion only.

Let ([Z].[e]) be a point of Jr and consider the filtration H_o in (2.30) at
([Z]. [@]). We know that in the resulting filtration H_o([Z], []) of H°(Oy) the
subspace H_;. ([Z], [«]) is a subring and, by Corollary 3.3, it depends on [Z] only.
This subspace is isomorphic to the space of functions on Z’, the image of Z under
the morphism
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k(Z],[a]) : Z — Z' C ]P’(ﬁ([Z], [oz])*) (10.17)
in Remark 2.4, (2.32), i.e. one has

H°(Oz) = H([Z). [a]) € H*(O2), (10.18)

where the isomorphism is given by the pullback «*([Z], [«]).

We aim at writing down equations defining the image Z’ in the projective space
P(H([Z]. [a])*). The main ingredient of our approach is representation theoretic. It
consists of using our Lie algebraic considerations from §6 to construct a particular
basis for H%(O/). Namely, let v be a non-zero vertical tangent vector® of Jroat
([Z], [«]) and consider the endomorphism

Ir—1 Ir—1
d*(v): H(Oz) = (DU ((Z].[e) — DH’(Z].[e)) = H(Oz)

p=0 p=0
(10.19)
which is the value of the morphism d* in (5.26) at the point ([Z], [].v) of the

relative tangent bundle 77, of .

We know that d ™ (v) is nilpotent. Let A(v) be the partition of d. = deg(Z’)
corresponding to d T (v). From Lemma 9.10 we know that it can be written as

follows
Ir—1

Av) = (AP W),
p=0

where each AP (v) = (1402120 (p 4 1)*»™) is as in Lemma 9.11, (1).
Since v is fixed in this discussion we will often omit it in the notation above.
From the properties of sl,-representations it follows that for every ¢ < p with

Hgp 7 0, we can choose elements y;jp), ey y;';"”) in the summand H?79([Z], [«])
of the orthogonal decomposition of H°(Oz/) in (10.19) such that the family of
vectors

Buy() = {(@F ()" y )

is linearly independent in H°(O). Taking the union

I<s=py 0=m=qf  (1020)

B(v) = U B,,(v) (10.21)

(g.p)

over all (¢, p) subjectto 0 < g < p < Ir — 1, with the convention that B,, = 0,
whenever y,, = 0, we obtain a basis of H°(Oy).

In the next step of our construction we modify our basis by replacing the operator
d* (v) by multiplication by an appropriate element of H([Z], [e]). More precisely,

3“Vertical” as usual refers to being tangent along the fibres of the natural projection 7 : Jr—T.
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recall the isomorphism M in (5.23) of the relative tangent sheaf 7, and ﬁ/ Oj,.-
We take M~'(v) € H([Z].[a])/C{12} and let ¥ be its lifting to H([Z], [«]). By
Remark 5.3

d*(v)=D" (),

where DT (V) is the positive component of the multiplication operator D(7) as
in (2.62). Replacing the operator d *(v) by the multiplication by ¥ we obtain the
families of vectors

Bup®) = { )"y 1 =5 < pgp. 0= m =g} (10.22)

which are still linearly independent in H°(O/). Taking the union

B®) = Byp® (10.23)

(g.p)

gives us a basis of H 9(Oz). Furthermore, by construction the basis is adapted to
the filtration H_o([Z], []) of H°(O/) in a sense that the set

ép(\j’) = {(f))my;;), € qu/(f))‘m + p/ —q < p. Ugp ?é 0, 1<s< I'Lqp’}
3 (10.24)
is a basis of the subspace H_, 1 ([Z], [«]), forevery p = 0, ..., [r—1. In particular,
the set

B = { %)

1<5<pp 0<p<lp—1, up,,;éo} (10.25)

is a basis of H_,([Z]. o) = H([Z].[«]) [this last equality comes from the
definition of the filtration H_, in (2.24)].

Remark 10.3. To simplify the notation the elements y}fp) will be denoted by yff) .
Thus in the sequel the basis in (10.25) will be given in the following form

By(¥) = {y};")) 1<s<pp 0<p=<Ir—1, p,# 0} . (10.26)

We summarize the above discussion in the following statement.

Proposition-Definition 10.4. Let I be a simple component in C), (L.d) and
let ([Z).[e]) be a point in Jr together with the filtration H_o([Z], []) and the
orthogonal decomposition

Ir—1

H_,.((2) = P B ([Z]. o)) .

p=0
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Let t be an element of H([Z], [a]) which is non-constant, viewed as a function on
Z, and let D (t) be the positive component in the decomposition of the operator of
multiplication by t (see (2.62)). Let A(t) = U;F:_Ol AP)(¢) be the partition associated
to D (t), where the partitions AP (t) are defined (see Lemma 9.11) as follows*

AP (1) = (1 Ok - (p 4 e DY for every p € {0, ... Ip — 1}.

Then for every (q, p), with0 < q < p <lIr — 1 and |1y, # O, there exist elements

y,ﬁlp), e, y%’”’) e HP74([Z], []) subject to the following properties:

1) the set of elements

I <s =< pgp, Ofqu}

Byy(1) = {Zmy;;)

is linearly independent in I:I_lF ([Z)) and is contained in I:I_,,_l ([Z], [«]));
2) the union

B() = By, (1)

(g.p)

is a basis ofI:I_gl, [Z2));
3) forevery p € {0,...,Ir — 1}, the set
Bp(l) = {th;;)/ € qu’(t))m +p —q=p. Kgp #0, 1 <s < qu’}
is a basis of the subspace ﬁ_p_l ([Z], [a]). In particular, the set

Eo(t)z{y;") 1<s<pupy 0<p<Ir—1, u,,p;éo}

is a basis of H([Z], [a]).

The basis B(t) in (2) will be called an sh-basis of I:I_/r ([Z]) associated to
DT (t). Inview of the identification of H_,.([Z]) with H*(Oz/) in (10.18) this basis
will be also called an sly-basis of H*(Oz/) associated to D (t).

10.3 Equations Defining Z’

We now return to the morphism « ([Z], [«]) in (10.17) and show how to use the basis
B(t) in Proposition-Definition 10.4 for writing down equations defining the image
Z' of k([Z], [@]). The main idea is very simple. The basis By(¢) can be used to

“If no ambiguity is likely, the parameter ¢ will be omitted from the above notation.
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construct the monomial basis for the symmetric algebra S (H([Z], [«])). Restricting
a monomial to Z’ gives an element of H°(Oz/). If it is non-zero we can express it
uniquely with respect to the basis B (). Such expressions lead to non-homogeneous
equations defining Z’ in H([Z],[«])*. Furthermore, using the identification of
H([Z], [«]) with Ext}), in (2.35) one obtains homogeneous equations defining Z’
in the projective space P((Ext})*).

To realize the strategy outlined above we fix the set of indeterminates

Y={Y,|0<p=<ir—1 jup#0. 1<s=<p,}. (10.27)

Observe that the indexing corresponds to the basis elements in By (1), the basis of
H([Z]. [«]) in Proposition-Definition 10.4, (3). So one should think of Y as a basis
for the space of linear functionals on (H([Z], [«]))*. Thus when we evaluate them
on Z' we obtain a basis of H([Z], [«]). We agree on the following matching

Yo

L, =9, (10.28)

forall Yy, € Y. y
The element ¢ lies in H([Z], [@]) and hence can be expressed uniquely in terms

of the basis By(r)
t = Z cs,,y;,‘") .
sp

This implies that ¢ is the restriction to Z’ of the linear function

T =Y cpYy. (10.29)
sp

The monomials in the indeterminates Y, give a basis for the algebra of
polynomial functions on H([Z], [¢])*. Let m = (m,,) be a multi-degree (the
indexing is the same as for indeterminates) and let

ym=[]vy” (10.30)
s.p

be the corresponding monomial. Substituting for Yy, the elements yg) ’s of the basis

éo(t) in (10.26), we obtain the element

=T (10.31)
s.p

in H(Oz). If we set

m| = _ms
S,p
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to be the total degree of Y™ in (10.30), then we have y™ € I:I_|m‘([Z], []). If this
element is zero, then of course Y™ = 0 is already an equation for Z’ in H([Z], [o])*.
Otherwise, y™ can be expressed uniquely in terms of the basis B‘m|_1(t) (see
Proposition-Definition 10.4)

ym = Za];-f(m)tky;i) , (10.32)

where the sum is taken over (j, 7, k,s) suchthatk+i—j < |m|—land1 <s < uj;.
For every element y,Yp) of the basis B(t) choose its lifting Pq(f,) in the symmetric

algebra S*(H([Z], [a])), i.e. P;;) is a polynomial function in the indeterminates of

the set Y which, when restricted to Z’, is equal to y,gsp) Since by definition y,gsp) lies

in HP([Z], [a]) C ﬁ_( p—q)—1 [for this inclusion see (2.51)], we can choose P,,(;)
in SP~4 T (H([Z]. [«])). With such a choice made once and for all and the lifting T
of ¢ in (10.29), we obtain

F(m)=Y™=Y afs(m)T*Pf) (10.33)

a polynomial vanishing on Z'.

At this stage the polynomials F(m) are non-homogeneous. To have homoge-
neous polynomials vanishing on Z’, recall that the elements of H([Z],[«]) can
be identified as fractions of elements in E xté [see (2.36)]. So to homogenize our
polynomials we set

T={T,|0<p=<Ir—1 pp#0, 1 <5<y} (10.34)

to be the basis of linear functionals on (Exté)* corresponding to the basis Y in
(10.27) under the isomorphism in (2.35). Since o € Ext%, it also can be viewed as
a linear functional on (£ xté)* and as such it will be denoted by 7,,. This and (2.36)
yield the following fractional form for the elements in Y

Tvp
Yy = T, (10.35)
Substituting into (10.33) and multiplying by 7/™ yields
H(m) = T)" F(m) = T™ =" aks )T Q) T mI=*k=rta=t = (10.36)
where T™ = ]_[(S,p)(TSp)mm is the monomial of multi-degree m in thewset of
indeterminates T, T is the linear form corresponding to 7', i.e. T = TL, and
W = 127 pY) the homogenized form of PSy. These H(m)’s are now

homogeneous forms (in the set of indeterminates T) of degree |m| vanishing on Z’.
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Of course in such a generality this is of limited use. However, the above
considerations give an algebro-geometric interpretation of the multiplicities iy,
in the definition of the partitions A”)(z) or, equivalently, of the corresponding
multiplicity matrix (see Definition 9.5).

Proposition 10.5. Let ([Z], [a]) and t be as in Proposition-Definition 10.4 and let
Wqp(t) be the multiplicities associated to the nilpotent endomorphism D () (see
Proposition-Definition 10.4 for notation).

Let py,(t) # 0 and let Q,(,‘p) (s = 1,..., igp(t)) be the homogeneous polyno-
mials of degree (p — q + 1) appearing in (10.36). Then there exist homogeneous
forms A((;g subject to the following properties.

1) The degree v;;) = deg(A(qu)) is at most (p + 1).
2) Let T and T, be as in (10.36) then the homogeneous form

_ _,®
64y = (P10~ A 1037

of degree (p + 2) vanishes on Z', for every s € {l,...,1g(t)}. Fur-
thermore, these forms are linearly independent in S ”+2Exté. In particular,
dim(Ip42(Z") = pyp, forall0 < g < p, where 1,,(Z') stands for the subspace
of homogeneous polynomials of degree n on (E xté)* vanishing on Z'.

Proof. By definition of the elements y;fp) in the set By, in (10.20) we have

(DT @) () =0, VI <5 < pugp. (10.38)

Replacing DT (¢) by the multiplication by ¢, yields the following
(S e Hop ((Z]. [)), V1< s < gy (10.39)

Using the notation in (10.33) we obtain polynomials in the set of indeterminates Y
[see (10.27)]
TIPS — BY. for s ef{l.... g} (10.40)

ap’
which vanish on Z' (here T and P.} are as in (10.33)) and where B} is a
polynomial whose degree is at most (p + 1). Homogenizing, as it was done in
(10.36), gives the forms G;;), as asserted in (10.37), where A(qsp), the homogenization
of the polynomials B;;), are subject to the asserted properties.

To see the linear independence of the forms G;‘;,) (s =1,..., 1gp(t)) in (10.37)
consider the relation in S?*?Ext}

Hqp ()

S ey =o

s=0
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for some constants ¢; € C. Substituting the expressions of G;fp) from (10.37) yields

B qu(t) qu(t)
(T3 6,08 - Z e TIY27 400 — 0. (10.41)
s=0
From this it follows that
qu(t)
> el =T F (10.42)
s=0

for some integer m > 1 and some homogeneous polynomial F of degree (p — ¢ +
1 — m). Dehomogenizing, i.e. dividing by 7./ “*", and evaluating on Z’ yields the
following

Hgp ()

Z ¢y € He(pegriom (1Z]. [@]) € Hop—) ((Z]. [a]) - (10.43)

But by construction the elements y(‘) (s = 1,..., ugp(t)) are linearly independent
in H?74([Z], [¢]) which is orthogonal to H_(p »([Z], [e]) in H_(p —p—1([Z], [])
[see (2.51)]. This implies that the constants ¢; must be all equal to 0. O

Remark 10.6. Assume that ([Z], [«]) satisfies the geometric set-up described in
§10.1. This means that Z lies on a smooth curve C in the linear system |L| and
there is a base point free linear pencil | P(0,0")| in |L| generated by two global
sections 0, 0’ of O¢ (Z) subject to the following conditions

1) Z = (0 =0),

2) the quotient space P(0,0")/Co C H°(Oc(Z))/Co is identified with the line
Ca C E xt% under the isomorphism (10.6) in Lemma 10.1, and we assume
that the extension class « corresponds to the coset o’ mod(Co) under this
identification.

In particular, in this set-up we have the following description of H([Z], [e])
~ X
H((Z], [o]) = {; (mod I,)| x € HO(OC(Z))} , (10.44)

where /7 stands for the ideal of rational functions on C vanishing on Z. Thus the
morphism «([Z], [«]) in (10.17) is the restriction of the morphism k¢ in (10.12)
to Z. Equivalently, the configuration Z’ = kc(Z) is the hyperplane section of
the curve C’, the image of k¢, cut out by the hyperplane H, of P(H*(Oc¢(Z))*),
corresponding to the section o. Thus the equations in (10.36) are equations defining
a hyperplane section of the curve C’. More precisely, the set T in (10.34) is a set
of homogeneous coordinates in H, = P((H*(O¢(Z))/Co)*). In particular, the
linear form 7, in (10.36) can be identified with the linear form o”, the restriction
of o’ to the subspace (H°(Oc(Z))/Co)* of H'(Oc(Z))* (here we view o’ as
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a linear function on H°(Oc¢(Z))*). With this in mind the homogeneous forms in
(10.36) take the following form

Hm) = T™ = 3" abs m) T+ o™ 7! (10.45)

10.4 o9 and Multi-secant Planes

In Proposition 10.5 we have given an interpretation of the multiplicities ptq,(f) in
terms of equations defining Z’ (all the notation in that proposition are preserved and
used freely here). In this subsection we give an interpretation of the first multiplicity
Moo(?) in terms of geometric properties of the configuration Z’ in the projective
space P(H([Z], [])*).

We take a non-constant function ¢ in H([Z], [«]) and consider the endomorphism

DY(t): H'(Oz) — H°(0Oy). (10.46)

Its kernel KT () is the same as the fibre of the sheaf KT in (9.6) at the point
([Z]. [a], M (7)) of T,, where 7 is the projection of ¢ to H([Z], [«])/C and M(7)
is the image of 7 under the isomorphism M in (5.23). In particular, K ™ (¢) admits
the orthogonal decomposition

Ir—1

K*(t) = P& )",

p=0

where (K1 (1))? is the fibre of the sheaf (JC*)? [see (9.7) for notation] at
([Z], [@], M (%)). From Lemma 9.3 it follows that the multiplicity poo(¢) is equal
to the dimension of the summand (K *(¢))°.

Lemma 10.7. The multiplication by t restricted to (K (t))° coincides with the
operator D°(t) in the triangular decomposition (2.62) and hence gives rise to the
linear map

D() - (K*(1)" — H(Z]. [o]).
Proof. The operator D™ (¢) vanishes on the summand H([Z], [«]). Hence D(¢)
restricted to (K (¢))° equals D°(z). O

The assertion of the above lemma written out explicitly gives the following
relation
tx = D°(t)(x), Vx e (Kt(1))°. (10.47)

We will now apply this relation to a particular choice of ¢ to derive some
geometric consequences. First we observe that () is an upper continuous
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function of 1 € H([Z], [«]) and it takes integer values in the interval® [1,r + 1].
Also observe that the upper bound is achieved precisely when ¢ € C1. This follows
from the assumption of I" being simple. Set

poo([Z], [a]) = min { poo(t)| t € H([Z], [a])} (10.48)

From what is said above this constant is the generic value of d *-multiplicity o0(¢)
as ¢ varies through H([Z], []), i.e. this value is taken on a non-empty Zariski
open subset of H([Z], [«]). The following result gives a geometric meaning of this
number.

Lemma 10.8. Let Z' be the image of the morphism k([Z], [«]) as in (10.17). Then
Z' admits a decomposition
Z'=27Z +7

subject to the following properties.

1) Z| and Z} are disjoint.

2) Z’ spans a hyperplane in P(H([Z], [a])™).

3) Z; / spans the projective subspace of P(H([Z]., [])*) whose dimension is at most
r + 1 — poo([Z]. [e]).

Proof. Choose a subset Z , of Z' consisting of r points spanning a hyperplane in
P(H([Z], [@])*) and let ¢ be a linear function on H([Z], [«])* defining the span of
Z|. Restricting ¢ to Z' gives a non-constant function on Z" which we continue to
denote by ¢. By construction it belongs to H([Z], [«]) and it vanishes on the subset
Z. We now apply the relation (10.47) to it. This implies that DO(t)(x) vanishes on
Z(’) as well. Hence it must be a scalar multiple of # and we obtain

D) (x) = E(x)t, Vx € (KT (1))°, (10.49)

where &(x) is a scalar. From this it follows that £ is a linear function on (K (¢))°.
Hence
D%1)(x) =0, Vx € ker(§).

Substituting this in (10.47) we obtain
tx =0, Vx € ker(§). (10.50)
This relation yields the asserted decomposition. Indeed, define Z] to be the subset

of Z', where ¢ vanishes. Observe that Z is a proper subset of Z’ containing Zj.
In particular, the span of Z{ is a hyperplane in P(H([Z], [«])*).

SRecall: H([Z], [«]) = H([Z], [@]) and dimH([Z], [«]) = r + 1 is the index of L-speciality of
Z . Hence the upper bound of the interval of [1, r + 1]. The lower bound comes from the fact that
D7 (¢) annihilates the subspace C{1,} C H([Z ], []) of constant functions.
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_ Define Zj to be the complement of Z| in Z’. From (10.50) it follows that x €
H([Z], [@]) vanishes on Z; if and only if x € ker(§). Hence the span of Z) in
PH([Z], [@])*) is a projective subspace of dimension (r + 1 — o (?)). O

Corollary 10.9. Lett be as in the proof of Lemma 10.8 and let
Z'=71+7

be the decomposition of Z' corresponding to t. Then one obtains the decomposition
Z=7Z1+ 2,

of Z, where Z; = (k([Z],[«]))""(Z]) (i = 1,2). Furthermore, the indexes of
L-speciality of these subconfigurations are as follows

8(L,Zy) = poo(t) — 1 and 8(L,Z>) = 1.

Proof. The argument is the same as in the proof of Corollary 4.13. Namely, set
Jz; (i = 1,2)tobe the ideal sheaves on Z of subconfigurations Z; (i = 1,2). Then
we have the direct sum decomposition

H°(02) = H(J2) ® H(Jz,)
and the isomorphisms
H(Oz) = H(Jz,). H’(Oz,) = H"(Jz).

All this follows from a diagram similar to the one in (4.29). Continuing to argue
as in the proof of Corollary 4.13, (ii), we have that the index of L-speciality of Z,
(resp. Z5) is computed as the dimension of the space H(Jz,) [ H([Z]. [«]) (resp.
H(Jz)N H([Z]. [])). From the proof of Lemma 10.8 it follows

H'(J2) (\A(Z).[e]) = ker(€) and H*(T7,) (H(Z].[o)) = C{}.

Hence the assertion of the corollary. O
Applying the above result to the geometric set-up in §10.1 we obtain the following.

Corollary 10.10. Let C be a smooth curve in the linear system |L| and let Z be
a configuration of degree d on C such that the line bundle Oc(Z) is special and
base point free. Then we can choose a base point free linear pencil |P(0,0’)| in
the linear system |H0((’)C (Z))| which defines a point ([Z], [¢]) of the Jacobian
J(X:;L.d) as described in Remark 10.6 and identifies the space H([Z], [c]) with
the space of fractions of the form
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X

f==
o

'’ for x € H*(O¢(Z))

(see (10.44)). Furthermore, there exists a non-zero section x € H°(O¢(Z)) such
that the element t = 1/‘ € H([Z]. [«]) defines the decomposition
o'lz

Z=7Z1+2

as in Corollary 10.9, where Z; (i = 1,2) are special divisors on C such that
h(Oc(Z1)) = poo(t) and h°(Oc(Z2)) = 2.

Proof. Only the last assertion needs to be proved. The speciality of Z; (i = 1,2)
follows from the speciality of Z. To see the formulas for /°(Oc(Z;)) (i = 1,2),
use the exact sequence analogous to the one in (10.10) with Z » in place of Z there.
The associated cohomology sequence gives

0——=H'(Tz (L + Kx))—=H"'(Qc ® Oc(~Z;))—=H*(Ox (Kx))—0,
(10.51)
fori = 1,2, where we used the assumption of the geometric set-up of X being a
regular surface (see Lemma 10.1). This exact sequence together with Serre duality
and the definition of index of L-speciality [see (2.16)] gives the formula

h(Oc(Zi)) = 8(L. Zi) + 1,

for i = 1,2. Substituting the values of §(L, Z;) from Corollary 10.9 yields the
asserted formulas. O

The next result gives the value of generic multiplicity poo([Z], []) [see (10.48)]
in the case Z is in general position with respect to the adjoint linear system
L + Kx]|.

Corollary 10.11. Let ([Z], [«]) be a point of J(X; L,d), where Z is a configu-
ration of d points in general position with respect to the adjoint linear system
|L + Kx|. Assume that the index of L-speciality §(L,Z) = r + 1 > 2 and
degZ > 2r + 1. Then po([Z], [o]) = 1.

Proof. From [R1], Corollary 7.13, it follows that the map «([Z], [«]) in (10.17) is
an embedding and its image Z’ is a set of d distinct points in general position in the
projective space P(H([Z]. [a])*).

Assume fo0([Z], [ee]) > 2. Applying Lemma 10.8 yields a decomposition

Z'=7Z1+75, (10.52)
where Z| and Z’, span respectively a hyperplane and a subspace of dimension <

(r +1—poo([Z].[])) < r —1in P(H([Z], [«])*), where the second inequality is
the consequence of the assumption oo ([Z], [e]) > 2. The fact that Z’ is in general
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position in P(H([Z], [«])*) implies that degZ! < r,fori = 1,2.This together with
decomposition in (10.52) imply

d=degZ =degZ|+degZ, <2r

contrary to the hypothesis that d > 2r + 1. O

10.5 Complete Intersections on K 3-Surfaces

In this subsection we apply our theory to configurations which are complete
intersections on a K3-surface. In particular, we give a complete set of very simple
explicit quadratic equations defining such configurations—the quadrics in question
are of rank < 4. This in turn leads to recovering quadrics through canonical curve
which have a much more simpler form then the ones obtained by Petri’s method (see
(Mul).

Let X be a K3-surface and let Ox (L) be a very ample line bundle on X . Consider
a configuration Z on X which is a complete intersection of two smooth curves C
and C, in the linear system | L|. Let y; (i = 1,2) be sections of H°(Oy (L)) defining
the curves C; (i = 1,2),i.e. C; = (y; = 0), fori = 1, 2. It has been shown in [R1],
§5.2, that the space of extensions E xté is identified as follows

Ext} = H(Ox(L))/Ciy1. 2} (10.53)

It has been also shown that the orthogonal decomposition of H°(O7) at a point
([Z], [«]) for a general choice of « has the following form

H®(0z) = H(1Z], [o)) ® H'(1Z], [0]) ® H([Z], [a]) , (10.54)

where dimH'([Z],[a]) = &, dimH'([Z),[a]) = & — 1 dimH*([Z], [a]) = 1.
Let Z be a general complete intersection as above. Then it is well-known that it

is in general position in P((Ext})*).

Lemma 10.12. Let ([Z], [a],v) be a closed point of the relative tangent sheaf of

J(X:; L, d) with respect to the projection 1 in (2.6), with Z being a general complete

intersection as above. Then, for a sufficiently general vector v, the partition A(v)

associated to d ™ (v) (see §9 for details and notation) is as follows

A) = (327721),

where d = L*> = degZ. Furthermore, the partitions A?’s (p = 0,1,2) in the
decomposition (9.30) are as follows

A0 = (1), A0 = (2577, 29 = (3).
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Proof. The weight of the orthogonal decomposition, i.e. the number of summands
in it, is 3. So (dT(v))> = 0 and the parts of A(v) are at most 3. Since
dimH?([Z].[«]) = 1 it follows that the multiplicity of 3 can be at most 1 and,
for a general v, it must be 1, because (d *(v))? # 0, for a general v.

To see the multiplicities of 1 and 2 we consider the restriction of d ™ (v) to the
summand H°([Z], [«])

d*(v) : H([Z], [a]) — H'((Z]. [a]) . (10.55)

From Corollary 10.11 it follows that the kernel (K (v))° of this homomorphism is
precisely the subspace of constants C{1z}. Hence multiplicity of 1 in the partition
A(v) is 1. Since the dimension of H([Z], []) equals %, it follows that the part 2
occurs in A(v) with multiplicity (% —-2).

The last assertion follows immediately from the definition of the partitions A(7)’s
in (9.29) and the first part of the proof. O

We aim at writing down quadratic equations defining Z in the pro-
jective space P((Ext})*) = P((H*(Ox(L))/C{y1,y21)*). Our guide is
the general strategy outlined in §10.3. So we begin by writing quadratic
equations determining the image of «([Z],[«¢]) in P(H([Z].[])*) and then
use the explicit identifications in Lemma 10.1 to pass to the equations in
P((H(Ox(L))/C{y1.y2})*). We also know from the same lemma that « ([Z], []),
in the case at hand, is an embedding, so we will not distinguish Z and its image
under « ([Z], [«]).

Set g = % + 1. This is the genus of smooth curves in the linear system |L]|.
Fix g — 1 distinct points zy,...,Zg—1 in Z and view them as linear functionals
on H([Z], [«]). The assumption that Z is in general position is equivalent to
{z1,...,2¢—1} being a basis of H([Z], [«])*. Let {x1,...,X—1} be the basis of
H([Z], [«]) dual to {zi, ..., zg—1}, ..

xi(zj) = 8, Vi, j. (10.56)

_ Let H([Z], [&]) be the subspace of H([Z]. [«]) orthogonal to the constant 1, €
H([Z], []). We examine the operators DT (x;) restricted to H([Z], [«]).

Lemma 10.13. D*(x;) : H([Z],[«]) — H([Z],[«]) is an isomorphism, for
alli.

Proof. From the dimensions of the summands in (10.54) it follows that the spaces
H([Z].[«]) and H'([Z], []) have the same dimension (g — 2). So it is enough
to show the injectivity of D¥(x;). This in turn is deduced from the proof of
Corollary 10.11 and the fact that Z is in general position in P(H([Z], [a])*). O

Lemma 10.14. For every i # j and for every k, there exists an element h;jx €
H([Z], [a]) such that gijx = x;x; — Xrhijk, viewed as a quadratic polynomial on
H([Z], [«])*), vanishes on Z.
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Proof. From Lemma 10.13 it follows that for all triples i, j, k there exists a unique
element h;jk € H([Z], [«]) such that

DF(xi)(x;) = DF (xe) () -

Replacing the operator DT (x;) (resp. D ¥ (x;)) by multiplication by x; (resp. x;)
we obtain
XiXj — xkh;jk = m,‘jk s (10.57)

for some element m;; € H([Z]. [«]), where @, for a € S*(H([Z]. [«])), stands for
the restriction of @, viewed as a polynomial function on H([Z].[e])*, to Z.

Let i # j. Then the left hand side in (10.57) vanishes on the set {z; | s #
k}. Hence m;jx vanishes on this set as well. Since this set spans the hyperplane in
H([Z]. [o])* corresponding to the linear functional x; we obtain

Mijk = CijkXk »
for some c;;; € C. Substituting this in (10.57) gives
Qijic = xixj — x(hijy + ciji)

which vanishes on Z. Setting /;;; = h; ik + ¢ijk yields the assertion. O

Fix k, say k = 1, and consider the set of quadratic polynomials
0(Z].[e]) ={qij = xix; —xihip|2<i<j<g—1}, (10.58)

where g;; = ¢;;; are as in Lemma 10.14. This set is non-empty if ¢ > 4, and then, it
gives us (g ;2) linear independent polynomials in S 2(H([Z]. [])). Thus we proved
the following.

Lemma 10.15. Let g > 4. Then the image k([Z].[«]) : Z — P(H([Z], [a])*) lies
on (g;Z) linearly independent quadrics given by the set Q([Z], [«]) in (10.58).

For the rest of this discussion we assume g > 4 and use the considerations of
§10.1 to identify the map «([Z], [¢]) with a hyperplane section of the canonical
embedding of one of the smooth curves in | L| passing through Z.

Recall that Z is a complete intersection of two smooth curves C; and C, in
| L |.Fix C; = (y1 = 0), where y; i = 1,2) are sections corresponding to
the divisors C; (i = 1,2). Then by definition Z lies on C; and the line bundle
Oc,(Z) = O¢,(Cy) = Oc, (L) = Qc, is the canonical line bundle of C;.

Let ; be the restriction of y, to C;. Then it is a section of Q¢, defining Z.
Applying the identification (10.6) to this situation yields

Ext) = H(Q¢,)/Cys. (10.59)
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Then a choice of an extension class « is determined by a choice of another section,
say wy € H°(Q¢,), such that the linear pencil generated by wy and ¥; is base
point free and the coset wy (mod Cy3) in H%(Q¢,)/Cy; goes over to « under the
isomorphism in (10.59). With this in mind the identification in (10.14) yields

A((Z]. [o]) = { -

w e HO(QCI)} , (10.60)
V4

where w% stands for the restriction of the rational function w% on Cy to Z. In

particular, the basis {xi, ..., xg—1} has the form
wj
Xi = — ,
o |7
where @y, ..., w,—1 are linearly independent sections of Q¢,. Similarly, /;j; in

Lemma 10.14, viewed as a function on Z, will be of the form

Wijk
hijx = —
wo

3

V4

for some sections w;jx of Q¢,. Substituting all this in the expressions of ¢g;; in
(10.58) we obtain the set of quadratic polynomials

02(Z2) = {wijw; —wwj1 € SH (Qc)|2<i<j<g-1.} (10.61)

vanishing on Z. We now claim that this set gives a basis of the space of quadratic
forms vanishing on Z. Indeed, let

ke, : Cp —> P(H*(Qc))*) = P51
be the canonical map of C,. In our case it is an embedding, so we identify C;
and its image under «¢,. Then the configuration Z is the hyperplane section of C;
obtained by intersecting C; with the hyperplane Hz corresponding to the section
¥2 € H%(Q(,) defining Z. Thus we have

Z C Hz =P((H"(Qc)/CP)").

Set Z7 to be the sheaf of ideals of Z in Hz and denote by @; the restriction of
w;, viewed as a section of Opg—1(1), to the hyperplane H.

Proposition 10.16. The set of quadrics
0,(2) ={wo; —wiw; € HOn,2)|2<i<j<g—1}

forms a basis of H*(Z7(2)), the space of quadrics in Hz vanishing on Z.
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Proof. From Lemma 10.15 it follows that the set EZ(Z ) consists of (g ;2) linearly
independent quadrics. The assertion now follows from the fact that the dimension
of H(Z, (2)) is equal to (g;Z). Indeed, let Z¢, be the sheaf of ideals of C; in Ps—1,
Then we have the following exact sequence relating the ideal sheaves of C; and its
hyperplane section Z

72
0——=Z¢, (-1) Ic, Iz 0,

where the monomorphism is the multiplication by y,, viewed here as a section of
Ops—1(1), and the epimorphism is the restriction to the hyperplane Hz. Tensoring
with Opg—1(2) and taking the associated sequence of cohomology groups gives the
isomorphism

H(I¢,(2)) = H*(Z2(2)). (10.62)

Now a classical result of Max Noether (see e.g. [G-H], p. 253) yields the count

H(Te, () = (ggz).

O

Remark 10.17. Observe that the quadrics in Q,(Z) are all of rank < 4. Thus we
recover a hyperplane section version of Mark Green’s theorem on the generation of
the ideal of a canonical curve by quadrics of rank 4, [Gr].

Next we lift quadrics from the hyperplane H; to P¢~! and obtain quadrics
passing through the curve C;. More precisely, we go back to the set of sections
1, ...,0g—1 of Q¢,. Adding to them the section ¥, gives a basis for H(Qc,).

Corollary 10.18. Let {y,, @i, ..., we—1} be a basis of H*(Q2¢,) as above and let
wij = wjj1, where w;ji are as in (10.61). Then there is a unique choice of sections
o] ;inH %(Q¢,) such that the quadratic polynomials

0:(C) = |y = wiw; — w0y + 7,0 € SPHQc)[2=i < j=g—1]

form a basis of H*(Z¢,(2)), the space of quadratic forms vanishing on C\.

Proof. Consider y, as a section of Ope—1(1) defining the hyperplane Hz. This gives
the following exact sequence of sheaves on P8~}

V2
OHOngl (_1)HOPX71 HOHZHO .
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Tensoring it with Ope—1(2) and passing to the cohomology sequence yields

0——H"(Ope— (1))LH0((’)M_1 (2)——=H"(On, (2))—=0. (10.63)

The isomorphism in (10.62) implies that for every 2 < i < j < g — 1 there exists
unique polynomial §;; in H%(Z¢1(2)) whose restriction to the hyperplane H gives
the polynomial (w;w; — wiw;;). On the other hand the polynomial w;w; — wjw;;
has the same restriction to Hz as ¢;;. From the exact sequence (10.63) it follows
that they differ by a multiple of , and this multiple is unique. O

We can lift our equations further, to obtain quadratic equations through the

elements {w;.....we 1} in H(Qc) = HOc (L) = H°(Ox(L))/Cy.
Completing it by y; and y, we obtain a basis {y1, ¥2, V3, - - ., Ve+1} of H*(Ox(L)).

Corollary 10.19. Let {y1, 72, V3, ..., Vg+1} be abasis of H*(Ox (L)) as above and
let yi; and y]; be liftings to H°(Ox (L)) of sections w;; and w;; in Corollary 10.18.
Then there is a unique choice of sections yl-/]{ in H°(Ox(L)) such that the
homogeneous quadratic polynomials

02(X) = {)’i+2)’j+2 —yavij + vyl + vyl € SPHOOx(L)|2<i < j <g-— 1}

form a basis of the space of quadratic forms vanishing on X.

Proof. The argument is analogous to the one in the proof of Corollary 10.18, i.e.
we relate the embedding of X in the projective space P4 = P(H®(Oyx(L))*) to its
hyperplane section C;, determined by the section y;. This gives the following exact
sequence relating the ideal sheaf 7y of X in P4 with the ideal sheaf Z¢, of C; in the
hyperplane Hy, = P((H*(Ox(L))/Cy1)*)

1

Y
0—=Ty(—1) Ty e, 0.

Tensoring with Op:(2) and taking the resulting cohomology sequence yields an
isomorphism
H(Zx(2)) = H(Z¢,(2)).

This implies that the polynomials g;; in Corollary 10.18 are the restrictions of the
quadrics Q;;(1 <i < j < g—1)in S?H°(Ox (L)), forming a basis of H°(Zx (2)).
On the other hand, from the expressions of g;; in Corollary 10.18, we see that they
are the restrictions the quadratic polynomials

Yi+2Vj+2 — V3Yij + J/z)/i/j . (10.64)
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From the exact sequence

0= HO(Ops (1) HO(Ops (2))—= HO(Opy, (2))—=0

relating quadrics in P¢ with quadrics in the hyperplane H,, it follows that the
difference between Q;; and the polynomial in (10.64) is a multiple of y;. Hence
the assertion of the corollary. O

10.6 Adjoint Linear System |L + Kx| and Geometry of Z

It was mentioned that the orthogonal decomposition in (10.19) should contain
information not only about geometry of the morphism «([Z], [¢]) in (10.17) but
also about geometry of configurations with respect to the adjoint linear system
|L + Kx| (see the discussion in the end of §2.5). In this section we take up the
considerations of an sl,-triple associated to the operator d ~(v), for ([Z], [¢],v) in
the relative tangent bundle 77, of J r, for an admissible component I" in C" (L, d). It
turns out that geometry behind the action of such an sl,-triple concerns the image of
Z with respect to the adjoint linear system |L + Ky |. Throughout this discussion
we assume

Z is in general position with respectto |L + Kx| andd >r +2.  (10.65)
These assumptions imply that the linear system |L 4+ K| defines an embedding
Z < P((H'(L + Kx)/H(Zz(L 4+ Kx))*) := P72, (10.66)

where 7, is the sheaf of ideals of Z on X. So we will not make a distinction

between Z and its image in ]P"é_"_z. Thus Z will be viewed here, simultaneously, as

a configuration of d points on X and a configuration of d points in general position

in the projective space P‘é"_z.

Recall the filtration
F(L)(Z].[e]) = H(Oz(L + Kx))
= Fo([Z]. [@]) D Fi([Z].[e]) D -+ D Fi([Z]. [e]) = 0,

(10.67)

discussed in §2.5, (2.58). By construction

Fi([Z].[«]) = H(L + Kx)/H"(Zz(L + Kx)).
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so the filtration in (10.67) gives a filtration of H(L + Kx)/H°(Zz(L + Kx))

HO(L + Kx)/H(Zz(L + Kx)) = F1([Z].[e]) D -+ D Fi.([Z]. [e]) = 0.
(10.68)
Arguing as in the case of dT(v) in §10.2, we choose a basis of H(L +
Kx)/H°(Zz(L + Kyx)) adapted to the action of an sl,-triple associated to d ~(v).
More precisely, let
A(V) = (A1 (v), 22(v), ..., A (V) (10.69)

be the partition associated to d~(v) viewed as a nilpotent endomorphism of
H°(O). We use the usual diagrammatic representation of A(v) as an array of boxes
aligned in horizontal rows, from top to bottom, with A, (v) boxes in the i -th row (see
[Mac] for details). However, since the operator d ~ (v) moves the index of the grading

Ir—1

H"(0z) = PH?(Z].[2]) (10.70)

p=0

from right to left, it will be convenient for our purposes to think of boxes in the
diagram of A(v) running from right to left as well. Thus we fix an sl,-triple s
associated to d ~(v) (v # 0) as described in §8 and define a basis of H(0) adapted
to this sl,-triple as follows.

We fill in the boxes in the first column of A(v) with highest weight vectors
fi..... f; of the action of 5 on H°(O), where the vector f; is placed in the
box of the i-th row. Then the remaining boxes of A(v) are filled with vectors of
the form (d~(v))"(f;), with m running from 1 to A;(v) — 1 in the rows with
Ai(v) = 2. Furthermore, we can choose vectors f;’s to be homogeneous with
respect to the grading in (10.70), i.e. each f; belongs to a particular summand, say
H” ([Z], [«]), of the decomposition in (10.70). Hence, setting deg(f;) = pi, the
vectors (d ~(v))"( f;) acquire grading

deg((d~(v)"(fi)) = deg(fi) —m = pi —m. (10.71)

This degree will be attached to the corresponding box of A(v). Thus the degree of
boxes in the i-th row runs (from right to left) from deg( f;) to deg(f;) — A; (v) + 1.

Next we replace the operator d ~(v) by the multiplication by an element v
in H([Z], [«]) lifting v (see Remark 5.3, (2)). This gives us a basis of H°(Oy)
composed of vectors V" f; (i = 1,...,s;m = 0,...,4;(v) — 1), with vector V" f;
sitting in the i-th row and (m + 1)-st column (counting from the right).

We now use the identification of H°(Oz) with H°(Oz(L + Kx)) provided
by the morphism in (2.60) [see the discussion following (2.60)]. For every i €
{1,...,s}, denote by ¢; the vectorin H°(Oz(L + Kx)) corresponding to f; under
this identification. Then the elements

Vi i=1,....s:m=0,.... ) —1) (10.72)
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form a distinguished basis of H°(Oz(L + Kyx)). Furthermore, this basis is adapted
to the filtration Fo([Z], [¢]) in (10.67) in a sense that ¥"¢; lies in the subspace
F,,_n([Z], [a]), for every i and m in (10.72). This follows from the fact that under
the identification of H%(O) with H°(Oz(L + Ky) the filtration F*([Z], [«]), the
fibre at ([Z], []) of the filtration in (2.47), corresponds to the filtration Fe ([Z], [])
([R1], Lemma 2.1).

Since we are interested only in a basis of Fi([Z],[«]) = H°(L +
Kx)/H°(Zz(L + Ky)), the basis in (10.72) has to be modified by suppressing
the elements sitting in the boxes of A(v) having degree 0. This means that
we need to leave out all those elements in (10.72) which project to a basis of
Fo((Z]. [e])/F1 (IZ]. [e]) = HO([Z]. [e]).

On the level of partitions the desired modification is achieved by erasing the
boxes® of A(v) of degree 0. Denote the resulting partition of d — r — 1 by )Ak(v):

A0) = (), (), ... Ay (v) (10.73)

and call it truncation of A(v). From the definition it follows that the parts of ;\(v)
and A(v) are related as follows

A,-(v)—ii(v) =0or 1, foreveryl <i <y,

where s’ is the length of i(v). That length is related to the length s of A(v) by the
formula

s'=5— :Udzlr—l)o(") =5 — Hoo(v), (10.74)

where the first equality is the definition of the d ~-multiplicities’ in (9.26), while the
second comes from (9.28).

From the considerations above one deduces the following basis for H°(L +
Ky)/H(Iz(L + Kx)).
Lemma 10.20. Set ¢;y = V"¢, fori = 1,...,5" andm = 0,... ,ii(v)— 1, where
V' ’s are as in (10.72). Then the set of elements

B) = {gim € HOL + Kx)/HOTZ (L + Kx)|i = 1ooos's m= 0. i) =1}

is a basis of H'(L + Kx)/H°(Zz(L + Kx)) such that for every i, m in (10.75),
Qim lies in the subspace ¥,y ([Z], [o]), where p; is as in (10.71).

We will also view elements ¢;,, in (10.75) as homogeneous coordinates of the
projective space P‘é"_z [see (10.66) for notation]. As such they will be denoted

5The number of boxes erased is  + 1, the dimension of H*([Z], [&]).

"The d ~ -multiplicity u(,ril)o(v) counts precisely the number of rows of A(v) consisting of a single
box having degree 0.
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by X;,. Thus thinking of Z as a configuration of points in the projective space
P42 we have
Ximlz = Gim, Vi,m. (10.76)

Our objective now is to use homogeneous coordinates X, to write down equations
of subvarieties in ]P’”é""2 passing through Z. The following result illustrates what
we have in mind.

Lemma 10.21. Let

B(0) = { Vin € (H'L + K)/H (T, (L + KX)))*‘I' =15 m=0 hw—1)

be the basis of (HO(L+KX)/H0(IZ(L+KX)))* dual to the basis
{le} i=1..s"

m=10,..., /A\,'(v)—l
For every part A;(v) > 2 of the partition A(v) in (10.73) the configuration
Z C ]P)”é_"_2 is contained in the cone over a rational normal curve C; lying in
the projective space

P = Span{l/ij|j =0, () — 1} (10.77)

with the vertex of the cone being the complementary projective subspace I1; in
P‘é‘r =2 cut out by the hyperplanes

Xy =0, for j=0,....2;()—1,

Proof. 1t )Aki (v) = 2, then P; = P! and II; is a complementary projective subspace
of codimension 2. Then the cone in the assertion is the whole projective space
P42, So we assume A, (v) > 3 and write the 2 x (4;(v) — 1)-matrix

M;(v) = ( :Qi(v)—m X’_O) . (10.78)
ii—1 Al

The 2 x 2-minors of this matrix are homogeneous quadratic polynomials in
Xi0s .-, X,.(ii(v)_l).
P‘é_r_z which are all singular along the subspace I1;, while their restrictions to the
subspace P; in (10.77) cut out a rational normal curve in P;. Hence the 2 x 2-minors
of M;(v) in (10.78) cut out the cone asserted in the lemma.

It remains to check that the cone contains Z or, equivalently, that the 2 X 2-minors
of M;(v) vanish on Z. This is insured by the relations in (10.76) and the definition
of ¢i;, in Lemma 10.20. Indeed, let z € Z. Then its homogeneous coordinates in
P42 are given by

Setting them to be equal to zero gives (l" (‘2_1) quadrics in

Xim(2) = dpim(2) = (v(2))"¢i (2) , (10.79)
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where the first equality is (10.76) and the second comes from the definition of ¢;,,
in Lemma 10.20. From (10.79) it follows

Xim Xiow+1) = Xim Xina1) (@) = G@)" " 92 (2) — ()" " Hg2(2) = 0,

for every m # m’. O

To complete our considerations we introduce the following geometric realization
of a partition. Let & = (w1, U2, ..., ;) be a partition with u, > 1. To such a
partition we associate the vector bundle over P!

Gu =P Opi (i = 1). (10.80)

i=1

Denote by P(u) the projectivization of the dual G, of G,,. It comes with the natural
projection
i P(p) — P!,

On P(1) we choose Op(y,) (1) so that the direct image

Tux (Opn (1)) = Gy -
Observe that G, is generated by its global sections, so Op(,)(1) defines a morphism
Y P(u) — P (10.81)
where || = Z;zl M; is the weight of the partition p. Denote by Y, the image of

Y, and call it p-scroll.

Remark 10.22. 1) If u; > 2, then Op(,)(1) is very ample and Y, is a rational
normal scroll of dimension ¢ in PI#I=1,
2) If pu contains 1 with multiplicity m; > 1, then one has the following possibilities

(lt), lf mi Zl,
n = (,lL],...,,LLt_ml,l,...,l), if1§m1<t.
———
mi—times

In the firstcase Y, = P'~! and in the second Y, is the cone over a rational normal
scroll Y, with the vertex Sing(Y,) = P"™1~! and where

K= (s eemy) -

If o = (Jue|), |p| = 2, then Y, is a rational normal curve in PI=1 So a p-scroll
is a natural generalization of a rational normal curve.
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A well-known result of the old Italian school of algebraic geometry states that d
points in general position in P?=3 lie on a rational normal curve (see e.g. [G-H]).
The preceding considerations lead to the following generalization of this classical
result.

Theorem 10.23. Let Z be a configuration of d points on X with d > r + 2 and
r > 1 ,where r + 1 is the index of L-speciality of Z (see (2.16)). Assume Z to be in
general position with respect to the adjoint linear system |L + Kx|.

Let T' be an admissible component of C'"(L,d) containing [Z] and let
([Z]. [a]. v), with v # 0, be a point of the relative tangent bundle T, of Jr over I
Let

AW) = (A1), ..., A:(v)

be the partition of d associated to d~(v) and let

Av) = ). o). Ay ()

be the truncation of A(v) defined in (10.73). Then the image of Z with respect
to |L + Kx| lies on a i(v)-scroll in the projective space ]P)"é_"_2 (see (10.66) for
notation).
Proof. It A(v) = (1¥') with 5" = d —r — 1, then the A(v)-scroll Y3, = P4~"~2 and
the assertion of the theorem is trivial.

Assume A(v) # (1) and write

A0) = M), Ay (V). 1, 1), (10.82)
~——
mi—times

where m is the multiplicity of 1 in ;\(v).

Applying Lemma 10.21 to every )Aki (v), fori = 1,...,s" — my, we obtain Yi(v)
as the cone over a rational normal scroll Y- ) with the vertex of the cone
Sing(Yy,) = P~ and where

V)= A0, Agem (V).

The rational normal scroll Y3, is contained in the projective subspace P of ]P"’é_’_2

spanned by the set of points

)

{V,-,- eB*W|i=1.....8' —=m, j =0,...,i,-(v)—1},

where B*(v) is as defined in Lemma 10.21, and the vertex of the cone Sin g(Yi(V))
is the complementary subspace cut out by the linear equations

X;=0i=1,....8=m,j=0....41—1.
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Remark 10.24. 1) The case )Ak(v) = (1¥) in the proof of Theorem 10.23 holds if
and only if /[r = 2,h}. = randd =2r + 1.
2) Let Ir > 3. Then the multiplicity m (i (v)) of 1'in )Ak(v) is given by the following
formula .
mi(A(v)) = ,uzll,_m(v) + M;lp—Z)O(V)’ (10.83)

where p,;p are the d ~-multiplicities of v defined in (9.26).

3) Let Z be a configuration of d points with d > 4 and let [Z] be in Fj, the
first non-trivial (with respect to our constructions) stratum of the stratification
in (2.13). Assume, in addition, that Z is in general position with respect to the
adjoint linear system |L + Kx|. Then for every point ([Z], [¢], v) of the relative
tangent sheaf of J over X4 with v # 0, the partition A(v) has the following form

A =(@d—1,1).

Its truncation ;\(v) = (d — 2). Then Theorem 10.23 implies that the image of Z
under the linear system | L + K| lies on a rational normal curve in ]P"’é_3 [see the
notation in (10.66)], thus recovering the classical result. Furthermore, the rational
normal curve acquires an additional meaning—it can be recovered as the closure
of the image of the period map pr (see §5, (5.14), for notation) over [Z] € I,
where I is an admissible component in C'(L, d) containing [Z].



Chapter 11
Representation Theoretic Constructions

The preceding sections show that the Lie theoretic aspects of the Jacobian
J(X; L, d) provide new methods and insights in the study of geometry of surfaces.
Starting from this section we change the logic of our investigations—we make use
of the sheaves of Lie algebras G, for admissible components I' € C"(L,d), to
construct various objects (sheaves, complexes of sheaves, constructible functions),
either on J(X;L,d) or on the Hilbert scheme X [l which can serve as new
invariants for vector bundles on X as well as for X itself. Our basic tool for this will
be the morphisms d * encountered in §5.1, (5.26), (5.35). These morphisms relate
our Jacobian to such fundamental objects in the Geometric representation theory as
nilpotent orbits, Springer resolution and Springer fibres.

11.1 Basic Set-Up

Let I" be an admissible component in C"(L,d) and assume it to be simple
(Definition 4.22). Thus we tacitly assume that the set of simple components in
C"(L,d) is nonempty. From §4.2, Theorem 4.26, it follows that this is the essential
case to consider.

By Corollary 4.23 the sheaf of Lie algebras G- attached to Jr (see §2.6 for
notation) has the following description

gr = n*sl(F), (11.1)
where 7 is the natural projection
7:Jr—T (11.2)

and sl(F’) stands for the sheaf of germs of traceless endomorphisms of F’ (see
Corollary 3.3 for the definition of F7).

1. Reider, Nonabelian Jacobian of Projective Surfaces, Lecture Notes 175
in Mathematics 2072, DOI 10.1007/978-3-642-35662-9_11,
© Springer-Verlag Berlin Heidelberg 2013
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Let 7, be the relative tangent sheaf of the morphism 7 and let 7, be the
corresponding vector bundle, i.e. it is a fibre space over Jr with the natural
projection

7Ty — Jr (11.3)

whose fibre over a point ([Z]. [a]) € Jr is the space T, ([Z], [@]) = 7. ([Z], [¢]) of
vertical tangent vectors of Jr at ([Z], [«]).
In §5, (5.26) and (5.35), we defined morphisms of sheaves
di . ’];, —> gr .

In this section QF will be often viewed as a vector bundle over j r. Then d + can be
viewed as morphisms of Jr-schemes

T, ——  Gr (11.4)

as it has been already done in Remark 7.8. The fact that Gy is the pullback of sl(F”)
(see (11.1)) allows further to associate to d * morphisms of schemes over I". More

precisely, set
r=sl(F) (11.5)

and view it as a bundle over I" with the natural projection
VG —T. (11.6)
We can now identify G- as the fibre-product
Gr =G, xpJr. (11.7)

Composing (11.4) with the projection 7 in (11.2) yields the commutative diagram

Ty, —— = g} (11.8)
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where the notation is as follows

ayn:T, — I is the composition 7 = mw o T,
b) 'd* : T, —> G- is the composition of d* in (11.4) with the projection

Denote by
r=N(Gp) (11.9)

the subscheme of nilpotent elements of G’ and call it nilpotent cone of G'r. Then
we know that the morphisms 'd * take their values in AN”r. Hence the diagram in
(11.8) takes the following form

rq

N,

The adjoint action' of G’r = SL(F’) on N}, divides it into G’p-orbits. Our first
task will be to clarify this orbit structure.

NI

T, 4

(11.10)

112 The Orbit Structure of A}

In this subsection we describe some basic properties of the orbits of the G'r-action
on NV}

Fix such an orbit and denote it O(N 1’_‘) and consider the restriction
ylo(Nl'“) L OWN!) — T (11.11)

of y"in (11.10) to O(N}).

Lemma 11.1. An orbit O(J\flf) is a fibre bundle over I, whose fibre is modeled on
a fixed nilpotent orbit of sl (C), where dj. = rk(F").

Proof. Choose a covering {U; };e; of r trivializing F, i.e. the restriction 7' |, is
isomorphic to the trivial bundle U; x C and let

¢ F o, —> Uy x ¢ (11.12)

'In this case it is the usual conjugation.
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be such a trivialization. Set
¢ij : Uij — GLd{-(C) (1113)

to be the corresponding transition functions of .
The trivializations ¢;’s induce the trivializations

Y SIF) |y, —> Ui xslgz (C) (11.14)
with the transition functions
Vi U — Aut(sldlg(C)) (11.15)
given by conjugation by ¢;;, i.e. we have
Vij ) (A) = ¢y (W) Ay )~ (11.16)

for every u € U;; and every A € sly; (O).
LetN =N (sldr (C)) be the nllpotent cone of sl (C), i.e. N is the subvariety

of nilpotent endomorphisms of CIr. The trivializations Y¥;’s in (11.14) induce the
trivializations

%:A@M—HIAXNZ (11.17)
where Nt |y, = y'~!(U;) is the inverse image of U; under the morphism y’ in
(11.10).

Set

NPy, = OV (N, (11.18)

Then ¥; in (11.17) maps O(Nli)|U onto a subset of U; x N of the form U; x O;,
for some nilpotent orbit Q; of N On the intersection Uj; ; the two isomorphisms v;
and v/; are related by the transition function ¥;;

Ui; x 0; (11.19)

O(Nf)|u,-,- idy,; xvij
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Explicitly, for a section s of 0(./\/'15) over U;;, we have

Vi(s(w)) = (u, 4i(w) € Uj; x O; C Uj; x sl (C)
wj(s(u)) = (u,Aj(u)) (<] U,‘j X Oj C U,‘j X Sldl/_(C),

for every u € Uj;. These are related by conjugation (11.16)
Ai () = ¢ij A; () (¢ij W) ~", Yue U, . (11.20)

This implies that A; (1) and A (1) are in the same nilpotent orbit of sly/ (C). Hence
0; = 0y, foralli,j € I with Uj; = U;(\U; # @, and to O(N}) we can
associate a unique nilpotent orbit O of sly/ (C) such that O(N; 1) is the fibre bundle
over I" with fibres isomorphic to O and the transition functions v;;’s in (11.15) O
Corollary 11.2. The orbits of le under the adjoint (=conjugation) action of

SL(F’) are in bijective correspondence with nilpotent orbits of sly/ (C). This
correspondence will be denoted as follows

0 —> 0(./\/}), (11.21)
for every nilpotent orbit O of sl (C).
Proof. Follows immediately from Lemma 11.1 O

Remark 11.3. It is well known that nilpotent orbits of slyr (C) are in bijective
correspondence with the set of partitions of d}. (see e.g. [C-Gi]). For a partition
w of d{., denote by O, the corresponding nilpotent orbit of sl (C). Then O, W 1’_‘)
will denote the orbit associated to O, by the correspondence in Corollary 11.2.

Let us return to the diagram in (11.10). For a nilpotent orbit O, (N 1’_,) define
0, (Ty) = (’d+)_1(0,L(J\/IL)). (11.22)

This gives a partition of 77 into the disjoint union of locally closed strata O, (T7).
The above considerations imply the following.

Proposition 11.4. Let " be an admissible component in C" (L, d) and assume it to
be simple in the sense of Definition 4.22. Then T" determines a finite collection of
partitions

P(D) = {1 € Py | 04(T) # 0} .

where Pdg denotes the set of partitions of d|.. Equivalently, every admissible, simple
component T in C"(L,d) determines the finite collection of nilpotent orbits in

sl (C)

OT) ={0,|pnePD)}.
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Furthermore, there exists a unique partition in P(I") denoted v such that the
corresponding stratum O ,.(Ty) is a dense Zariski open subset of T.

Proof. All but the last assertion is a combination of Corollary 11.2, Remark 11.3
and (11.22).
The last assertion follows from the fact that 77, is irreducible. O

This result yields Theorem 1.3 stated in the introduction. More precisely, we have
the following

Theorem 11.5. Let V' (L, d) denotes the set of admissible, simple components of
C"(L,d) and let
V(X:L.d)=|JV'(L.d).
r>1
Then the set V(X;L,d) is finite and every T in it determines a distinguished
collection of nilpotent orbits O(I") of sy, (C) as in Proposition 11.4.

Proof. For every r > 1, the set V'(L,d) is finite, since there are finitely
many components in C"(L,d). On the other hand, by definition of the index of
L-speciality (see (2.16)) r < d . This yields the finiteness of V(L, d). The second
assertion is the content of Proposition 11.4. O

The stratification of 7, defined by the strata in (11.22) should be compared to the
one in Proposition 9.14. The latter stratification is given by the strata 7*’s indexed

— —
by the set of admissible /' r-graded partitions A in Py (1’ 1) (see Remark 9.13). The
T
%
partitions in P(T") of Proposition 11.4 do not have the finer structure of 4’ r-grading.

More precisely, we have the forgetful map

Fr: Py (K 1) — P(T) (11.23)

—
which sends an &’ p-graded partition

Ir—1

A= U A
p=0

with A(?) = (1#002110 . (p 4 1)) (p = 0,...,Ir — 1), to the partition Fr(1),
where one forgets the grading. This partition is given in terms of multiplicities by
the following formula

Fr(x) = (1Mo0M@ )My (11.24)

where
Ir—1

MA) =Y pyp. for s=0.....0r—1. (11.25)

p=s
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It is clear, that given a partition u € P(I"), there might be several ways to

define 7r-grading on it. The inverse image F () gives all such structures on
W, determined by the morphisms d *.

Using the above notation, we can express a relation between the stratification in
Proposition 9.14 and the one given by the strata O (Ty) in (11.22).

Proposition 11.6. Let i be a partition in the set P(I") of Proposition 11.4. Then

OM(T,,) = U TA s

reFr ()

where T* are strata of Proposition 9.14. Furthermore, the partition  is related to
the partitions A in F7' (i) by the formula in (11.25).

This relation and the results of §10 show that the partitions in Proposition 11.4
distinguished by the nonabelian Jacobian J(X; L, d) are closely related to various
algebro-geometric properties of configurations of points on X as well as curves in
the linear system |L]|.

11.3 Perverse Sheaves and J(X; L, d)

In the previous subsection we have seen how J(X; L,d) distinguishes a finite
collection V(X ; L, d) of subvarieties I of the Hilbert scheme X 4 with the property
that to each I' in V(X ; L, d) one can attach a finite collection of partitions P(T")
of d[. as described in Proposition 11.4. Recalling that the partitions of d|. also
parametrize irreducible representations of the symmetric group S,;; we obtain an
equivalent version of Theorem 11.5 formulated as Theorem 1.4 in the Introduction.
This theorem attaches to each I" in V(X; L, d) a finite collection

Ry (T) =18y | we P(I); (11.26)

of irreducible S dl. -modules S, (up to an isomorphism) indexed by the set of
partitions P(I") in Proposition 11.4.

Thinking of I" as a variety parametrizing geometric representatives of the second
Chern class of rank 2 bundles on X, one can view Theorem 1.4 as a way of elevating
the topological invariant—the degree of the second Chern class—to the category of
modules of symmetric groups.

In this subsection we go further: we attach to each T" in V(X ; L, d) a collection of
the Intersection cohomology complexes on the Hilbert scheme X!, thus elevating
the degree d of the second Chern class to the category of perverse sheaves on X1,
This will prove Theorem 1.5 stated in the Introduction.

Our construction is based on the Springer resolution

o N—>N (11.27)
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of the nilpotent cone N of sldf (C) and a well-known fact in the geometric represen-

tation theory? which realizes the cohomology groups of fibers of o (Springer fibres)
as modules of the Weyl group W of sl (C).

In our case we deal with the variety ./\/ *_which is fibred over I’ by the nilpotent
cones isomorphic to A. So we need a relatlve version of Springer resolution. For
this we continue to view G’ as a vector bundle over I" and define the relative flag

r
variety B of gi,.
By definition this variety comes with the natural projection

pr:Bp — T (11.28)

such that the fibre B of Br overa point [Z] € T is the variety of Borel subalgebras
of gi_‘([Z]) = sl(F'([Z])), where F'([Z]) is the fibre of F’ at [Z]. Set

N/, =T =T* . (11.29)
T Br BF/F

to be the relative cotangent bundle of SBr. Its closed points can be described as the
following incidence correspondence

./\7"1" = {([Z],X,B) € .N'l’., X Br‘b is a Borel subalgebra in gi_,([Z]), X€EDb O.N'l’.,([Z])} .

This gives the following commutative diagram

’ (11.30)

/\
\/

or :/\71: — M, (11.31)
in the above diagram is the relative Springer resolution of N, i.e. for every [Z] €

[, the restriction ot (7] of ot to the fibre J\7}([Z]) = (Br o o}) N ([Z]) of N'T
over [Z] is the Springer resolution

The morphism

2For this and other basic facts of the geometric representation theory our reference is [C-Gi].
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orz - N1(1Z]) — NR((Z) (11.32)

of the nilpotent cone ./\/f‘ ([Z]) in Q’F ([1Z]) = sI(F'([Z2))).
Let Oy (N 1’_‘) be a nilpotent orbit in N’ 1'_, and let

or : O,L(N'F) = 05 (0u(WN}]) — 0, (W) (11.33)

be the Springer resolution over the nilpotent orbit O, (N f,). From Lemma 11.1 and
the properties of the Springer resolution it follows that this is a fibre bundle over
0, W\, 1'_,) with fibres modeled on a Springer fibre of ¢ in (11.27) over the nilpotent

orbit O, in sly/ (C). In particular, taking the i-th direct image of the constant sheaf

Con 0, (./V'f‘) we obtain
Ci = RiorsC (11.34)
local systems on O, (./\fl’_,), fori =0,...,2b,, where b, is the complex dimension

of a Springer fibre of o in (11.27) over the nilpotent orbit O,,.

Remark 11.7. Let B be the flag variety of sl (C), i.e. the variety parametrizing
Borel subalgebras of sl (C). Recall that for a nilpotent element x € O, the
Springer fibre B, over x of the Springer resolution ¢ in (11.27) is naturally identified
with the subvariety of B parametrizing Borel subalgebras of sl (C) containing x.
It is known that B, is an equidimensional variety of complex dimension

1
b, =dim(B)— EdimO,L .
In our case dimcB = 1d}.(d}. — 1). Substituting into the above formula we obtain
1 / / ]
bﬂzz[dr(dr—l)—dsz,L]. (11.35)

Furthermore, if © = (u; > @2 > --- > W), then one has the following formula
([C-Gi], Lemma 4.4.2)

dim0, = (d{)* = (2k = D .
k=1

Substituting into (11.35) yields

1

b, = E(Z(zk — D —df) =Y ke —df =Y (k—Dpue.  (11.36)
k=1 k=1 k=1
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Lemma 11.8. The local systems E’FM ’s in (11.34) are the pullback under y' (see

(11.30)) of the local systems on I, ie. for every i € {0,...,2b,} there exists a
unique, up to an isomorphism, local system E’f’ uon I such that

Ly, = )/*E’F,M.

Proof. Fix a base point ([Zo], x9) € O,L(J\fl’_‘). Then the local systems E}M
correspond to representations

pi : m (0 W) ((Zo]. x0) — Aut (H' (B(z].50)- ©)) (11.37)

of the fundamental group 71 (0, (Nf), ([Zo]., x0)) of O, (./V'f‘) based at ([Zo], xo),

and where Aut(H'(B(zy).x),C)) is the group of automorphisms of the i-th
cohomology group of the Springer fibre B (z,].x,), the fibre of or over ([Zo], xo).
From Lemma 11.1 it follows that 771 (O, (./\/'1’,), ([Zo], x0)) fits into the following

long exact sequence of groups

71 (O, xO)H‘”l(Ou(NI,—‘)v (1Zo], x0)) —=1 (T, [Zo])) —>10 (O, X0) ,
(11.38)
where we identified the fibre y’o_; W) ([Z]) of y’oﬂ W) in (11.11) with the orbit

0, insl(F'([Z])). Itis well-known that O, is connected and simply connected (see
[C-Gi)), i.e. one has

(O, x0) = w1 (O, Xo) = {1}.
This together with (11.38) yield an isomorphism
11(0, NY). ([Zo]. x0)) = mi (T [Za)) (11.39)
This isomorphism combined with (11.37) gives representations
P (DL [Zo]) — Aut (H' (B(z,].4).C)) . (11.40)

fori =0,...,2b,.
Let ﬁ’f# @i = 0,...,2b,) be the local systems on r corresponding to the
representations pr, , in (11.40). Then by definition we have

A Ik i
Lp = Yr ~rpu-

foreveryi € {0,...,2b,}. O
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Denote by P} ., the Intersection cohomology complex /C (T, L’f, ,.) of Deligne-
Goresky-MacPherson extended by zero to the entire Hilbert scheme X ). This is an
object of the bounded derived category of constructible sheaves Df (Xx91y on x
which is characterized by the following properties.

a) P{;’M is supported on the closure F =T of I" in X9, (11.41)
b) Pl = 25, ddimr,
c) HY(PL,) =0, if k < —dim(T),

dy dim (supp(Hk(P{;’u))) < —k, ifk > —dim(T),
e) dim (supp(Hk((’Pl’;,M)VD))) < —k, ifk > —dim(I),

where (-)"? stands for the Verdier dual complex.

Putting the complexes P{;’ " together, we obtain the graded perverse sheaf

2b,
P, =P, (11.42)
i=0

which is the extension by zero to X9 of the Intersection cohomology complex
1c(T, L}.,), where £® = @?Z"O L5 .- Thus we obtain the following

Theorem 11.9. Let V(X ; L, d) be the collection of admissible, simple components
as in Theorem 11.5. Then every I' in V(X ; L, d) determines the finite collection

PI) = {Ph, e P

of graded perverse sheaves Py, pon X9l indexed by the set of partitions P(T") as in
Proposition 11.4.

Taking the union of the collections P(I"), as I" runs through the set V(X; L, d),
we obtain the finite collection

P(X:L.d) = {Pﬁu‘ e P, T e V(X;L,d)} (11.43)

of perverse sheaves on X9 intrinsically associated to (X,L,d). This is
Theorem 1.5 of the Introduction.

Remark 11.10. It is clear that one can construct complexes P, , for any partition
w of d{.. The main point of distinguishing the collection PP(T") is that the complexes
of this collection pick out partitions of d. which are relevant to the geometry of
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configurations of X parametrized by I'. Indeed, in §10 we have seen how partitions
in P(I") are related to the equations defining configurations parametrized by I
So, heuristically, one could say that perverse sheaves Pr. . (n € P(I')) condense
in them those equations: the equations themselves might be quite complicated (see
e.g. (10.36)) and one might want, for various purposes, to “package” them neatly in
the form of perverse sheaves.

It was pointed out in the Introduction that the complexes in P(I") also contain
information about irreducible representations in the collection R/ (I')in (11.26). To
see this recall that one of the fundamental properties of the Springer resolution in
(11.27) is that the cohomology ring of the Springer fibres, the fibres of o in (11.27),
supports representations of the Weyl group W of the Lie algebra in question. In our
situation the Lie algebra is sl (C). Hence the Weyl group

W == Sd[Q
is the symmetric group S,/ and Springer theory yields representations
spp : Sar —> Aut(H®* (07" (x),C)), (11.44)

where x is a point of the nilpotent orbit O, of slyr (C) corresponding to a partition @

of d}.. In particular, one knows (see [C-Gi]) that the top degree cohomology group®
H?w(671(x), C) is an irreducible S, -module corresponding to u.

The above discussion shows that the fibres of the cohomology sheaves of
complexes Pr. . are Syr-modules. In fact, this S,/ -module structure is compatible

with the action of the fundamental group 7 (", [Zo]) given by the representations
in (11.40). This is the meaning of the following statement.

Proposition 11.11. Let p be a partition in P(I") as in Proposition 11.4. Set

2b,
ot =EPok, (11.45)
i=0

where Pi‘, u s areasin (11 .40) and by, is the complex dimension of Springer fibers
over the nilpotent orbit O,,. Then the representation

P (DL [Zo]) —> Aut (H* (B(z].x). ©))

factors through the Springer representation spy, in (11.44).

3Recall: b, = dimc(o™!(x)).
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Proof. Recall the universal scheme Z in (2.1) and consider its subscheme Zx =
2% (I) lying over I together with the unramified covering

pz:Zl:—>f‘.

From Corollary 3.3, (3.5), this factors as follows

2. (11.46)

The morphism p), by Remark 4.12, is an unramified covering of degree df., so its

fibre over a point [Z] € I is the set Z’ of d}. distinct points. Hence we obtain a
group homomorphism

Py, mi(L.[Z]) — Aur(Z') (11.47)

where Aut(Z') is viewed as the set of all possible orderings of Z’.
We also recall that the fibre Q’I,([Z ) of g% over [Z] can be identified with

sI(H°(Oz/)) and H°(O) is identified with a Cartan subalgebra of gl( H°(O/))
via the multiplicative action of H°(Oz/) on itself (see Remark 4.2). Thus the
subspace

by ={ feHON|Tr(f)=> f&)=0 (11.48)

Z/GZ/

can be identified with a Cartan subalgebra of sl(H°(0)). In particular, permuta-
tions of Z’ act on the space H°(O) (resp. h,,) by the rule

W @) = fw (). Vze Z'. (11.49)
Hence the representation
Aut (Z") — Aut (). (11.50)

This representation determines and is determined by the permutation action of
Aut(Z') on the set* B(h,/) of Borel subalgebras of sl(H°(Oz/)) containing b .

“The set B(h »+) can be identified with the set of orderings of eigen spaces of h zs-action on
H°(O4/). Those eigen spaces are generated by the delta-functions &/, for z7 € Z’. Thus B(hz')
has a natural identification with the set of orderings of Z’.
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Thus we obtain the representation
sprs : Aut(Z') — Aut(B(h,)) . (11.51)

Identifying Aut(Z') with the Weyl group of sl(H°(Oz) and B(h,/) with a
Springer fibre over a regular semisimple element of sl(H°(Oz/), we see that sp,
in (11.51) is the Springer representation over the set of regular semisimple elements
SIS (H°(Oz)) of sI(H°(Oz/)). Combining this with (11.47) yields

prrs = sprs © pyy - (L, [Z]) — Aut(B(h)) (11.52)

which is the assertion of the proposition over the orbit of regular semisimple
elements of sI(H°(O0z)).

Next recall that the Springer resolution in (11.27) is a part of the universal
resolution ([C-Gi], 3.1.31)

sI(H(O2)) (11.53)

sI(H(O021)) Bz

where By is the variety of Borel subalgebras of sl(H%(Oz)) and sl(H°(Oz/)) is
the incidence correspondence

SI(H°(07)) = {(x.b) € sI(H"(O2)) x Biz| x € b} . (11.54)

The set of regular semisimple elements sl"* (H°(O)) is a dense Zariski open subset
of sl(H°(Oz/)) and the Springer representation sp;, in (11.44) over the nilpotent
orbit O, can be obtained as the limit of Springer representations

SPrsi * Sap —> Aut (pri (b))

on the fibres of pry in (11.53) over &, regular semisimple, converging to O, (see
[C-Gil, 3.4). Hence the representation pp, " in (11.45), which is the limit of the
representations pr;, for A € b, converging to Oy, can now be expressed as
follows

o, = lim pr,p= lim sppopy =\ lim spysp)opy =splop,,
T s 0,;, b 0;1, 123 (h—>0ﬂ P " 123

where the second equality is the validity of the proposition over regular semisimple
elements obtained in (11.52). O
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11.4 Abelian Category A(X;L,d)

The collection of perverse sheaves P (X; L, d) introduced in (11.43) gives rise to a
distinguished full abelian subcategory of the bounded derived category D? (X 4]) of
constructible sheaves on X 4], This is defined as follows.

For every 7?13’“ in P(X;L,d) consider its components Plﬁu as in (11.42)
and take its irreducible constituents in the category of perverse sheaves on X 9.
More precisely, since Pr,, is essentially the intersection cohomology complex
IC(T, L’f, ,.) the irreducible constituents of 731’;, ., are given by the decomposition
of EIF.,;A into the direct sum of irreducible local systems, i.e. we go back to the
representation pr. , in (11.40) and decompose H' (B((z).x,), C) into the direct sum

of irreducible (f‘, [Zy])-modules

H' (B(zy).5)-C) = P M} 1, ® Vi, (11.55)
X

where V;,F’M’s are irreducible 7, (T, [Zo])-modules occurring in H' (B(jz,].x,), C)
and M ;,F .. s are their respective multiplicity modules

M, = Hom, 0 (Vi H B(zg)x). C)) . (11.56)

From Proposition 11.11 we know that the representation p}! .. factors through

the representation p,;. Hence the irreducible modules Vi —are parametrized by

yany
irreducible characters of the finite subgroup
Im(py,) C Aut(Z') = Sy .

Set & lr .. to be the collection of irreducible characters occurring in the decompo-
sition (11.55). For every y € & lr > We have the representation

Py (1, [Zo]) — Aut (Vi) . (11.57)

The corresponding local system on I" will be denoted by E’f’ 4.y This defines the

Intersection cohomology complex /C(I, LL .,)- Its extension by zero to the whole
of X ¥ will be denoted by C{q, 4.y This now is an irreducible perverse sheaf on X [d]
and we have ‘ - ‘

Pr.= B M, &Ch,,. (11.58)

i
XE€EL,

the decomposition of 731’;, ., Into the direct sum of its irreducible constituents. Thus
for every pair (I", ) we have the finite collection
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Cryu = {Chuy|i =0..... 26, 1€ B, (11.59)

of irreducible perverse sheaves on X[?]. Taking the union of these collections,
as u runs through the set P(I") defined in Proposition 11.4, and I" runs through
V(X; L,d) in Theorem 11.5, we obtain the collection

C(X:L,d)= g Cr, (11.60)
ueP().TeV(X;L.d)

of irreducible perverse sheaves on X ! intrinsically associated to (X, L, d).

We now define the abelian category A(X; L, d) as the full subcategory of the
derived category of constructible sheaves on X 4] generated by the finite collection
C(X;L,d), i.e. objects of A(X;L,d) are isomorphic to finite direct sums of
objects in C (X; L, d) and their various translations.

Definition 11.12. 1) Elements of the collection C (X; L,d) will be called irre-
ducible non-abelian characters of J(X; L, d).

2) The abelian category A(X; L,d) will be called the category of non-abelian
characters of J(X; L, d) and objects of A(X; L,d) will be called non-abelian
characters of J(X; L, d).

Remark 11.13. Recall that for a smooth irreducible curve C its Jacobian J(C) is
an abelian variety and its fundamental group 7, (J(C)) = H(J(C),Z) is just the
first homology group of J(C). Thus irreducible local systems on J(C) are given by
homomorphisms or characters

H\(J(C),Z) — C*

and the group of characters Hom(H,(J(C),Z),C*) parametrizes isomorphism
classes of local systems on J(C).

With the above in mind, the collection C(X;L,d) defined in (11.60) can
be envisaged as a non-abelian analogue of Hom(H(J(C),Z),C*), while
the abelian category A(X;L,d) can be viewed as an analogue of the group-
ring of Hom(H{(J(C),Z),C>). This, hopefully, justifies the terminology in
Definition 11.12.

Though the objects of the abelian category A(X; L, d) are complexes of sheaves
on the Hilbert scheme X!, one should really keep in mind that they descended
from the Jacobian J(X; L, d). There is even more subtle connection which relates
the sections of the relative tangent/cotangent sheaf of J(X; L,d)\ ®(X; L, d) with
the abelian category A(X; L., d).

Proposition 11.14. Let I" be a component in V(X ; L, d) and let Ty r be the relative
tangent sheaf of the projection 7 : Jr —> . Then there is a natural map
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exp (/) cH(Jr. Tor) — A(X; L.d). (11.61)
I

Proof. Let 0 be a section of 7, r. Interpreting it geometrically, we view 6 as the
corresponding morphism 5
0 . J r — Tﬂ’r

of I"-schemes. We now consider the intersection of the image of 6 with the strata
0, (T, r) defined in (11.22). Denote by P(I', 0) the subset of partitions x in P(I")
(see Proposition 11.4 for notation) such that 6! (0, (T, r)) is non-empty. The map
exp( fr) we are after can now be defined by sending 6 to the direct sum of perverse
sheaves P asin (11.42), where u € P(T", 6):

2by
exp (/)(9)= @ Pr, = @ @ @ ML, ®Ch, |
r WEP(T.0) pePr.f) \ i=0 \ yesi
(11.62)
]

Remark 11.15. The notation exp( ;) is an allusion to the operation of integration
followed by the exponential. This comes from pursuing the analogy with the
classical Jacobian made in Remark 11.13. Namely, in the classical case one has
a map

H°(J(C),Qyc)) — Hom(H\(J(C),Z),C*) (11.63)

which sends a holomorphic 1-form @ on J(C) to the exponential of the linear
functional

/a) . H\(J(C),Z) — C

given by integrating w over 1-cycles on J(C).

The map exp( fr) in (11.61) clearly has the same flavor, except that in our story
we are “integrating” (relative) vector fields on J(X; L, d). However, the relative
tangent sheaf 7, r is self-dual® and naturally isomorphic to the relative cotangent
bundle 7.*.. This gives an identification

H(Jr. T,}) = H'(Ur. Trr) . (11.64)

With this identification in mind, we can say that in the map (11.61) we are
“integrating” the (relative) 1-forms after all

5The self-duality of 7 comes from the isomorphism M in (5.23) and the identification of the
quotient-sheaf H/Oj. with the orthogonal complement H = (Ojr)J- of Oy, in H. Now the
quadratic form q in (2.42) restricts to a non-degenerate quadratic form on H, thus making it self-
dual.
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exp (/) cH'(Jr, ) — A(X:L.d), (11.65)
r

thus making Proposition 11.14 conceptually analogous to the classical map (11.63).

One can put the maps in (11.65) together as I' varies in V(X ; L, d) to obtain the
following.

Theorem 11.16. Letj (X;L,d) =J(X;L,d)\ ©(X;L,d) be the complement
of the theta-divisor ® (X; L,d) inJ(X; L,d) and let A(X; L, d) be the category of
non-abelian characters of J(X; L, d) (see Definition 11.12). Then there is a natural
map

exp (/) - HO(T* ) — AX:L.d), (11.66)

J(XL,d)/x14)

where T* is the relative cotangent sheaf of J (X:; L, d) over X4,
J(X;L.d)/ X 1]

Proof. Let w be a global section of 7.* .Forevery I' in V(X; L, d) denote
. J(X;L.d)/x1d)
by wr the restriction of w to Jr. This is a section of ’TJ* T and exp(fr)(a)r) has
T

been defined in (11.65). One can now define

exp(/)(w)= P exp(/r)(wr)z o | @ |

reV(X;L.d) reV(X:L.d) \ peP(T.0r)
(11.67)

where 0r is the section of the relative tangent sheaf 7j /i corresponding to wr under
the isomorphism in (11.64) and P(T", Or) is the subset of P(I") defined in the proof
of Proposition 11.14. O

11.5 Generalized Macdonald Functions on X [4]

Here we define several invariants inspired by the well-known constructions in
the theory of symmetric functions and the theory of representations of symmetric
groups.

By construction, the Intersection cohomology complexes Pr. ,. are endowed with
an action of the symmetric group S, . Hence the cohomology sheaves

ML, = H (P (11.68)

are Sd[g-sheaves, forevery i, j.
Let P, be the set of partitions of d[ and let A be a partition in Py Denote
by S, an irreducible S,/ -module corresponding to A and, for every closed point

[Z] € X1 define
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m{ e (Z) = dimcHoms,, (S, HE:,(Z)). (11.69)

where H{;”L([Z ]) is the fibre of H{JM in (11.68) at [Z]. This defines constructible
functions on X9

m(ll;i)r N 7. (11.70)

which assigns to [Z] € X!9] the value m! ])F([Z]) in (11.69).

By definition of PF , the functions m(A ;’L)F are identically zero unless i €

{0,...,2b,} and j € {—dimcl,...,—1} (see (11.41), (a)—(d)), where b, is as

in Remark 11.7. Furthermore, from (1 1.41), (a), it follows that the support of m(l’ }{L)F

is contained in the closure T" of I" in X 1],
Using the functions m( J )r as coefficients, we define polynomials P, , r in two
variables g and ¢

Pour =Yy n{q'tt (11.71)
ik

wherei = 0,...,2b,andk = 0,...,dimcI" — 1, and the coefficients ”(Alz)r are
constructible functions on X9 defined by the following identity

ny e =m{ T (e =0, dimeT - 1) (11.72)

These polynomials will be called generalized Kostka-Macdonald coefficients of T.
The final step of our construction is to put together the generalized Kostka-
Macdonald coefficients for various A. Namely, consider the graded ring

N
n=0

of symmetric functions in infinitely many formal variables x = (x¢)ren, where A"
is the subspace of A of homogeneous symmetric functions of degree n. Let

{sm c Pdf} (11.73)

be the basis of A“" formed by Schur functions® s, (A € Py).
Define the function

My, - XD — A% g, 1] (11.74)

SFor basic facts and terminology concerning symmetric functions our reference is [Mac].
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by the following identity

Mry= Y Piurs:. (11.75)
)»GPd[c

This way we obtain a collection of functions
M(X;L.,d) = {MF,M|F eV(X;L,d), ueP(F)} (11.76)

intrinsically associated to (X, L, d), where V(X; L,d) is as in Theorem 11.5 and
P(I") is as in Proposition 11.4.

Remark 11.17. Our definitions (11.69), (11.71) and (11.75), as well as the termi-
nology, are modeled on the ones in the work of Haiman, [Hai], where he introduced
Kostka-Macdonald coefficients as graded character multiplicities of certain doubly
graded S,-modules, for every partition u of n (see [Hai], 2.2, for more details). In
our situation it is the cohomology sheaf H*(Py. ,) on X I which is double graded
and endowed with S, -action. So our constructions can be viewed as a natural
generalization of Haiman’s bigraded modules and the functions Mr, in (11.76)
can be considered as an analogue of Macdonald functions.

Below we summarize properties of functions Mt , defined in (11.75).

Proposition-Definition 11.18. Ler " be a component of the set V(X;L,d) in
Theorem 11.5 and let |1 be a partition in P(I"), the set defined in Proposition 11.4.
Then the function Mt has the following properties

1) My, is a constructible function on X 1 yith values in A" lg.1].
2) The support of Mt , is contained in the closure T of T in X1,
3) Forevery [Z] € T, the value Mr . ([Z]) is the q-polynomial with coefficients in
A
Mr,([ZD(x:9.1) = Mru([Z])(x;4.0)
which computes the graded character of the cohomology ring of a Springer fibre
over the nilpotent orbit O, of sly; (C) (see (11.80) below for precise expression).

The function M, will be called Macdonald function of X9} of type (T, ).

Proof. All the properties of Mt ;,, but the last one, are immediate from the definition
of Mt ,. For the last assertion use (11.41), (b), to deduce

Ly, if j =—dimcl,

H | = 0 (11.77)

otherwise.

This implies that the coefficients "(Al;lj)r ([Z]) = 0, unless k = 0, and the generalized

Kostka-Macdonald coefficients P, , r evaluated at [Z] I have the following form
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2by,

Py yur(@.0(Z)) = Py pur(q.00(Z) = Zni’ﬁ)r( (Z)q' = Z"u L azng
i=0

where, by (11.69), the coefficient m(’ d’mcr)([Z ]) is the multiplicity of the irre-

ducible S,/ -module S, in the S,/ - module H!(B([Z],x),C) and where B([Z], x)
is the Springer fibre of the morphism or in (11.31) over a point ([Z],x) in
the nilpotent orbit O, (N}) (see (11.33)). Hence P; ,.r(g,0)([Z]) is the graded
character multiplicity of the irreducible module S; in the graded S,/ -module

2,

H*(B((Z],x).C) = D H'(B(1Z], x), )

i=0
and it can be written as follows

2b,
Pyur(g,0)([Z) = Y (1. ch(H' (B([Z],x),C))q' . (11.78)

i=0

where y* is the character of S;, ch(H'(B([Z].x),C)) is the character of
H'(B([Z],x),C) and (-,-) stands for the standard pairing in the ring of characters
R(S,;) of the symmetric group S/ Setting

2b,
ch(H*(B([Z],x),C),q) = Y ch(H'(B([Z], x),C))q'

i=0

to be the graded character of the cohomology ring H*(B([Z], x), C), we can rewrite
(11.78) in the following way

Pyr(q,00(1Z]) = (x*. ch(H* B((Z],x),C). q)) - (11.79)

Hence the generalized Macdonald function evaluated at [Z] € I gives the graded
character of the cohomology ring of the Springer fibre B([Z], x)

Mr, (ZD)(x:q.1) = Mr,(Z)(x:q.0) = Y (4*.ch(H*(B((Z].x). C).q))s;
)»GPd[c
(11.80)
O

Remark 11.19. The set of M(X;L,d) of generalized Macdonald functions
defined in (11.76), can be viewed as a functional counterpart of the collection
of perverse sheaves P(X; L, d) in (11.43). They are related by a sort of ‘character’
map
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Xx:Lay i P(X;L.d) — M(X; L,d) (11.81)

sending every Intersection cohomology complex Py, , in P(X: L, d) to its general-
ized Macdonald function Mt ;, defined in (11.75), i.e.

Xx:La)y(Pry) = Mry, (11.82)

forevery I' € V(L,d) and every u € P(T").



Chapter 12
J(X; L,d) and the Langlands Duality

This section corresponds to the discussion in §1.4 of the Introduction. For T’
an admissible, simple component of C"(L,d), we consider the relative Infinite
Grassmannian over 1" associated to the sheaf of Lie algebras g% (see (11.5) for
notation). Then we show that there is a natural map of a certain Zariski open subset
of the relative tangent bundle 77, of j r over I" to this relative Infinite Grassmannian.
This establishes, via the geometric Satake isomorphism, a link of our nonabelian
Jacobian with the Langlands Duality.

12.1 Some Preliminaries

In this subsection we fix notation and recall some known facts about Infinite
Grassmannians. Our references on the subject are [Gi], [Lu], [P-S].
We fix I in the collection V(X ; L, d) defined in Theorem 11.5 and consider the
locally free sheaf
F = p5(0z), (12.1)

where Z' and p) are as in (11.46).
Set
g% =sl(F), (12.2)

the sheaf of germs of traceless endomorphisms of F’ and let

G, = SL(F) (12.3)

be the corresponding sheaf of Lie groups. This will be regarded as a fibre bundle
over I' with the natural projection

w 1 G, —T. (12.4)
1. Reider, Nonabelian Jacobian of Projective Surfaces, Lecture Notes 197

in Mathematics 2072, DOI 10.1007/978-3-642-35662-9_12,
© Springer-Verlag Berlin Heidelberg 2013
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Let k = C[t™!,¢] be the ring of complex valued Laurent polynomials in a
variable ¢ and let 0 = C[¢] be its subring of polynomials in ¢. Consider the scheme

foel(k) of ‘vertical’ k-valued points of G/,, where by vertical k-valued point we
mean a morphism

Spec(k) — Gi.,
for which the diagram
Spec(k) —— Gi_,
Spec(C) —— T
commutes. Thus Gifel (k) comes with natural projection

w (k) : Gifel(k) — T, (12.5)

whose fibre Gifel (k)([Z]) over a point [Z] € I is the group of k-valued points of
the group Gi_,, Z] = SL(H°(Oy)), the fibre of @ in (12.4) over [Z] and where
Z' is the fibre over [Z] of p) in (11.46).

Replacing k by o gives the scheme Gi_fel(o) and the coset space

Grp = Gifel(k)/(;i{el(o) (12.6)

which we call the Infinite Grassmannian of Gi_‘. Thus Gry is a scheme over I" with
the natural projection

w:Grp — T, (12.7)

whose fibres are modeled on the Infinite Grassmannian of SL;. .
We now give a description of Gr~ which will reveal its ind-scheme structure.

For this consider the sheaf g% (k) (resp. Q’F (0)) of Lie algebras over I" with the
bracket operation defined in the usual way, i.e.

Ff®P,y®Q0]l=[x,y]® PO, (12.8)

for any local sections x, y of g% and any P, Q € k.

Let [Z] be a closed point of I Following Lusztig in [Lu], we consider
o-submodules £ of gi_‘([Z])(k) = sl(H°(0z))(k) of maximal rank and which

are closed under the Lie bracket in (12.8). For such an £ one defines its ‘dual’ £V
whose elements x are characterized by the condition

(x,y) €0, (12.9)
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for all elements y of £, and where (-, -) denotes the k-valued Killing form of g% (k).
With these notions in mind one has the following description of Gry. Let
Grass(g’F (k)) be the set whose points are pairs ([Z], £), where [Z] is a closed

point of I" and £ is an o-submodule of g% ([Z]) (k). Then we have a map

G'Ffel(k) —> Grass(G1. (K)) (12.10)

which takes a local section a of the fibration @ (K) in (12.5) to the local section of
Grass (g% (k)) defined by the o-submodule Ad (a) (g% (0)) of g% (k), where Ad(a)

denotes the adjoint action of Gi_lfel(k) on g% (k). According to [Lu], this establishes
a bijection of Gr in (12.6) with the set Grass® (g% (k)) of pairs ([Z], L), where

[Z] is a closed point of I" and £ is an o-submodule of maximal rank in g% (2D (k)

which is closed under the Lie bracket and self-dual, i.e. £ = LV.
Using this description of Gr~, one obtains the following stratification of Gr~ by

foel(o)-stable subschemes
Grp(1) C Grp(2) C ... C Grp(i) C ... (12.11)

where each stratum Gr-(i) is a finite dimensional algebraic variety defined as
follows

Grr (i) = | (2], £) € Grass"(G1.(k))| ' G- (Z)(0) € £ € G (Z)(0)} -
(12.12)

12.2 G[™ (0)-Orbits of Grr

By constructionin §12.1, the ind-scheme Gr- is a fibre space over I" with the natural
projection 5
(O3 GrF — T

in (12.7). The fibres of w are modeled on the Infinite Grassmannian Gr of SLdé (O).
From the description in (12.6) of Gr~ as a quotient, it follows that Gr~ admits a

natural left action of Gifel (o) and our goal is to understand the orbits of this action.

By definition Ggel(o) acts fibrewise on the fibration w and its action on the fibres
amounts to the action of SL/ (0) on Gr. It is well-known that SL; (0)-orbits of Gr
are indexed by coweights (up to the action of the Weyl group) of SL, with respect
to a maximal torus of SLd[g (see [P-S]). It turns out that the same holds in our relative
situation. To be more precise, we need to describe the relative, fibre version, of the
coweight lattice and the Weyl group. This in turn will clarify the structure of the
bundles G1. and G as well as the structure of the Infinite Grassmannian Gr-.
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Let us return to the morphism
Py 2 —T

in (11.46) and recall that the direct image 7' = p}, (O Z{-) can be identified, via
the multiplicative action of ' on itself, with the subsheaf of Cartan subalgebras of
gl(F’). So we think of 7’ as a subsheaf of gl(F”) and define

Hr =F' (9. (12.13)

where g% = sI(F’) is as in (12.2). This is a subsheaf of Cartan subalgebras in g%

or, more geometrically, it is a vector bundle over I" which fits into the following
commutative diagram

Hr —————— g% (12.14)

I

where "0 is the restriction to Hr of y’, the projection of g% onto I' in (11.8). Thus

the fibres of " are Cartan subalgebras in the fibres of y’, i.e. for a point [Z] € I,
the fibre Hr[z) of Hr over [Z] is a Cartan subalgebra in sl(H%(O7)), the fibre of
y' over [Z].

Remark 12.1. The fibre Hr 7], as a subspace of H 9(0y), is identified with the
subspace of functions on Z’ whose trace is 0, i.e.

Hrz) =1 f € H'O2)| Y fE&)=0p . (12.15)

Z/ez/

We will now describe the scheme of roots and coroots of g% with respect to the
subsheaf of Cartan subalgebras H . 5
First remark, that viewing F'*, the dual of F’, as a scheme over I", we have the

natural inclusion
ev:Z — F* (12.16)

of I'-schemes given by evaluating functions on the underlying points, i.e. on the
fibre Z’ of Z’ over a point [Z] € T, the above inclusion

evy : Z' — (F(Z])*
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sends a point 7 € Z’ to the linear function evz () on F'([Z]) = H°(Oz), the
fibre of F” at [Z], defined by evaluation at 7'

evz()(f) = f(), Vf e H(Oz).
Viewing the dual H* of Hr as a quotient bundle of F'* induces the morphism
ev : Z' — H*r. (12.17)

Denote its image by ® and observe that the fibres of ® over I" are weights of
fibres! g% with respect to the Cartan subalgebras given by the fibres of the sheaf

Hr. So the subvariety @r is the scheme of weights of g% with respect to the

subsheaf of Cartan subalgebras Hr. Observe that eV’ is still an inclusion, so ®r is
isomorphic to Z’, thus giving a representation theoretic meaning of the scheme Z’.

It should also be observed that the weights parametrized by the scheme ® span
the sheaf of weight lattices of g% with respect to the sheaf of Cartan subalgebras

Hr. This is the content of the following result.

Proposition 12.2. Let At be Z-span of ®r in H* 1. Then Ar is the sheaf of weight
lattices of g% with respect to the subsheaf of Cartan subalgebras Hr. Furthermore,

the isomorphism
ev:Z — ®p

induces the isomorphism of sheaves
Po(Zz)/Zi = Ar, (12.18)
where Z =/ (resp. L) denotes the constant sheaf Z on Z' (resp. I ).

Remark 12.3. Svet 1V\p to be the subset of integer Yalued functions in H . This is a
fibre space over I whose fibre over a point [Z] € T is the lattice

]\F,[Z] = {f € %r,[zﬂ f()eZ V7 e Z/} .

Thus the fibre space A is the sheaf of the coweight lattices of g% with respect to
the subsheaf of Cartan subalgebras Hr.

Set (2')? = Z’' x Z' to be the fibre product of Z’ with itself over I"and let Az
be the diagonal in (Z’)%. Define

20 = (2 \ Az (12.19)

to be the complement of the diagonal in (Z’)2. The following statement gives the
representation theoretic meaning of this scheme.

IThese are the Lie algebras sl(H°(0/)), for [Z] € I.
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Proposition-Definition 12.4. There is a natural morphism
ev? 20 s

whose image Rr parametrizes the roots of g% with respect to the subsheaf of

Cartan subalgebras Hr.
The scheme Rr will be called the root variety ofgi_, with respect to the subsheaf

of Cartan subalgebras Hr.

Proof. Consider the fibre product of the morphism eV’ in (12.17)
(ev)*: (2')* — H*r x; H*r
and compose it with the “difference” morphism
§:H*r xp H*'r — H*r

defined by §(x, y) = x — y, for any local sections x and y of H*r. The resulting
morphism restricted to Z’® will be denoted by ev®.

To see the second assertion it is enough to consider the restriction evg) of ev?
to the fibre of 2@ overa point [Z] € T

ev(Zz) Y ALC N 'H'r,[z] .
This map sends a pair of distinct points (p’,¢’) € Z'® to the functional

ryg =evz(p') —evz(q)

which acts on H%(O/) as follows

rp g (f) = f(") = f(q). (12.20)

We claim that r, ., for (p’,q") € Z'®, are roots of sl(H°(Oz)) with respect to
the Cartan subalgebra Hr 7). Indeed, the action (by multiplication) of Hr 7] on
H°(Oy/) determines the basis of H°(O,/) consisting of the delta-functions § 2
for p’ € Z'. Then for every pair (p’,q') € Z'?® the endomorphism E, , €
sI(H(Oz/)) which sends §, to §,, and annihilates all other basis vectors, is a
root vector of sl(H°(Oz)) with respect to the Cartan subalgebra Hr[z]. The root
vectors E, o, as (p’,q’) runs trough Z '@, are linearly independent and give a
complete set of representatives of the root spaces of sl(H°(0)). Furthermore,
the action of Hr[z; on E, 4 is as described in (12.20), i.e. 7, 4 is a root of
sl(H%(O2)) with respect to the Cartan subalgebra Hr 7], for every (p’, q') € Z'®.

O
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From the above proof it also follows that the groups of automorphisms of fibres
of the covering 5
phiZL—T

are naturally identified with the Weyl groups of the fibres of g%. Furthermore,

the way these fibre groups fit together to form a fibre bundle of groups over
I' is given by the representation Py, which was already used in the proof of

Proposition 11.11, (11.47). More precisely, fix a point [Z] in I" and let
r—F (12.21)

be the universal covering of I". Then the fibre bundle W 1 of the Weyl groups of g%
with respect to the subsheaf of Cartan subalgebras Hr can be described as follows

=

Wr = Aut(Z'), (12.22)

X (2D p,y)

where the action of (f‘, [Z]) on the first factor is by the deck transformations and
on the second via the representation p,,; in (11.47).

Remark 12.5. The fibre bundle W can be viewed as the abstract Weyl group of
g% with respect to the subsheaf of Cartan subalgebras Hr. The actual action of W

on the variety of roots Rr is given via the identification Z’?® with Rr provided
by Proposition-Definition 12.4. In particular, this identification over the fixed point
[Z] € T" induces the representation

P (0, [Z) — Aut(Rr(z), (12.23)

where Rr,[z] is the fibre of R over [Z]. This gives the following description of the
variety of roots

Rl" = F X(ﬂ](f‘,[Z]).ng)m) RF[Z] . (12.24)

The analogous description holds for all relative objects related to the bundle of
Lie algebras g% discussed so far. For example, we have the induced representation

Pl (1, [Z2) — Aut(Hr[z) (12.25)

giving the identification

—a

Hl—v = X(ﬂl(f‘v[z])ﬁgzmm) ’HF’[Z] . (12.26)

The representation (12.25) gives rise to the representation on the coweight lattice

p;zmghm S (f’ [Z]) N Aut(]\F[Z]) , (1227)
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where ]\p’[z] is the fibre of the sheaf of coweight lattices ]\p introduced in
Remark 12.3. This gives the following identification

A]" =T X(nl(l‘—‘,’[z]).p:zveighm) A]",[Z] . (1228)

It is well-known that the representation of the Weyl group on a Cartan subalgebra
of a semisimple Lie algebra lifts to a representation on the whole Lie algebra. Thus
the representation p™" in (12.25) lifts to the representation

Ph

Py - (T [Z]) —> Aut (sI(H (0z))) . (12.29)

This yields the following identification of gi., as a fibre bundle over I":

=«

gr = sIH(02)). (12.30)

X(m(f,[Z]).,pj;’é )

The same representation will give the description of the fibre bundle of groups Gi,
in (12.3):

G =T X (120004 SL(H"(Oz7)). (12.31)

We can now identify the Infinite Grassmannian Gr~ as a fibre bundle induced by
representation of the fundamental group of I as well.

Theorem 12.6. Let Gr(z) be the Infinite Grassmannian of SL(H(Oz/)). Then the
representation p’]‘)’, in (12.29) determines the representation
2

Py (T, [Z]) — Aur(Griz)

which gives rise to the following identification

—a

Gl‘l'* = ) Gr[z] . (12.32)

o (120057
%)
Proof. The representation p;’, in (12.30) gives representation
2
Py (I, [Z]) — Aut (SL(H"(02)(K)) . (12.33)

Replacing k by o yields the representation

P, - m(T.[Z]) — Aut (SL(H (02))(0)) - (12.34)
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These representation together with the description of Gi, in (12.31) give the
following

G'Ffel(k) =T X 2104 SLIH(O2) (K) | (12.35)
P

G{*rel(O) =T X 12)00) SL(H'(02))(0).

Viewing the Infinite Grassmannian Gry~ (resp. Gr(z)) as the quotient in (12.6)
(resp. Griz} = SL(H(O2))(k)/SL(H’(O2))(0)), we obtain

GrF =T X(ﬂl(f‘,[Z])ﬁZZp) Gl‘[z] s

where the representation
’””" cm T, [Z]) — Aut(Griz))

is the representation induced by representations in (12.33) and (12.34) on the
quotient Griz) = SL(H(O2))(k)/SL(H®(O2/))(0). O

The description of Grp~ given in Theorem 12.6 completely determines the
structure of Gifel (0)-orbits of Grr-.

Corollary 12.7. Let [Z] be a point in I as in Theorem 12.6 and let Wz and
A[‘ (2] be the Weyl group and the coweight lattice of sI(H O(Oz/)) respectively.
Let A € Ap[z] be a coweight of SI(H°(Oy/)) and let [)L] be its W rz)-orbit in

Ar,[z]. Set O[A].[Z] to be the SL(H®(0/))(0)-orbit in Grz) corresponding to [/\].
Then ' 8
I' x o

Opmpr =T X6t [Z]m’”,”") ALIZ]

(12.36)

is an Gi_r,el(o)-orbit of Gry. Furthermore, every Gi_’,el(o)-orbit of Grr arises in this
way. In particular, one has a bijective correspondence between the set of Gi.’,el(o)-

orbits of Gr1~ and the cosets of the quotient Iv\p,[z] /Wrz).

loop -

Proof. The representation Py, in Theorem 12.6 induces the representation

Py m (T, [Z]) — Au(Oy, )

thus giving sense to the right hand side in (12.36). The fact that it is an Gifel (0)-orbit
of Gr follows from the description of Gifel (0) in (12.35).
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It is well-known (see [P-S], Ch8) that 0[1],[2]’ as [/V\] runs through the set

AF’[Z]/W]",[Z], form a complete set of SL(HO(OZ/))(O)-OI‘bitS in Grz). Hence the
last two assertions of the corollary. O

12.3 Relating Jr and Grr

In this subsection we construct a ‘loop’ analogue of the morphism d ™ in (5.26). For
this we recall the linear stratification of 75, in (9.4) and set

Tr= Ty \ TUr 2. (12.37)
Next we show how to go from YC:,r to the points of the Infinite Grassmannian
Grr.

Proposition 12.8. There is a natural map of I'-schemes
Ld™*: 727, — Grp
such that the following holds.

1) On every stratum Tnl:;,, (T2}, where T} is as in Proposition 9.14, the
map Ld™ is a morphism and it is constant along the fibres of the projection
T: T, — j[‘.

2) There exists a positive integer n such that the image of Ld T is contained in the
stratum Gry (nlr) of the stratification of Gry in (12.11).

Proof. Both T, and Gry- are fibre bundles over I so it will be enough to show that

there is a natural map on the fibres over I. 5
Let [Z] € I" and let Jz be the fibre of Jr over [Z]. Denote by 75, the tangent

bundle of J. This is the fibre over [Z] of the natural projection
7T, — r

o o
(see (11.8) for notation). Denote by T3, the intersection of 75, with T'5. Our
objective is to construct a map

Ld*(Z) : Ty, — Grp(Z)).

where Gr([Z]) is the Infinite Grassmannian of SL(H 9(0y4)), the fibre of Gry
over [Z]. Using the description of Gr~([Z]) as a subset of Grass (sl(H 0((’)Z/))(k))
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(see §12.1), our strategy is to define a map of 7332 into Grass (sl(HO((’)Z/))(k)) and
then to check that it lands into the subset Grass® (sl(H O(OZ/))(k)).
Let v be a tangent vector of J at a point [a] € Jz such that d ;’ (v) #£0, for all

p €0, Ir—2],i.e. we are at the point ([Z], [«], v) of 727,. Identifying sl(H°(Oz/)) (k)
with? G ([Z], [@]) (k), we define Ld +([Z])([e],v) := L([Z]. [e],v), the value of
Ld™* at ([Z].[«].v), as the o-submodule of G ([Z], [@])(k) generated, as a Lie
algebra, by g?, ([Z]., [«]) and D* (v, 1), where

Ir—2 Ir—2
DY (v.t)y =) 1“d}(v) and D~ (v.1) = Y _177d; (). (12.38)

p=0 p=0

with the exponents @, defined by

ap, =tr(hpyr1(v)) —tr(h,(v)), (12.39)

where (v) is a semisimple element of g?, ([Z], []) which comes along with d *(v)
in an sh-triple® in G ([Z], [@]). Observe that the (graded) trace of /(v) depends on
d*(v) only.

We need to verify now that £([Z], [«], v) is in Grass® (sl(HO(OZ/))(k)). This is
done by giving an explicit description of this submodule. The essential ingredient of
this description is the decomposition of G~ obtained in §4.3, (4.84), which says that
Gr([Z]. [o]) can be written as the following direct sum of gg ([Z], [«])-submodules

Gr((Z].[) = G (Zl.[eD) & | D Wu(Z].[a] | . (12.40)

\)GR]F

where R;. is the set of roots of sl;. as in (4.82), and the summands W, ([Z], [«]))
are the fibres at ([Z], []) of the sheaves W, ’s in (4.83).

Recall that the set of roots R;. comes with a preferred choice of simple roots
v, (p =0,...,Ir —2) (see Remark 4.29). Now we use the exponents a, defined
in (12.39) to associate to our tangent vector v the coroot v of sl;. defined as follows

v, =a,. (12.41)

for p = 0,...,Ir — 2. This and Proposition 4.28 imply the following description of
L([Z]. [a].v):

?Recall from (11.1): G = 7*sl(F).
3See §6 for details about sl,-triples associated to d + (v).
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L(Z).[e].v) = GL(Z) [eD)(o) @ [ €D "PWL(Z] [el)(o) | . (12.42)

VER

From this identity it follows immediately that £([Z], [¢],v) is closed under the
bracket operation and is self-dual. Hence L([Z],[a],v) € Grp([Z]) and the
assignment

T3 (2], [a].v) — L£(Z].[e].v) € Grp (12.43)

gives a well-defined map of 727, into Gry. Furthermore, £([Z], [«], v) depends on
v only through the exponents a, in (12.39) and these are constant, for all v in a
stratum T; as in Proposition 9.14. Hence the map in (12.43) is constant along the

fibres of the projection T on every stratum 77*. Since the assignment in (12.43) varies
holomorphically with respect to the parameters ([Z], []), it follows that Ld* is a

morphism of I"-schemes on every stratum T;. This completes the proof of the first
part of the proposition.

Turning to the part (2), recall from Lemma 6.1 that the weights w(/(v)) of h(v)
on H?([Z], []) are bounded as follows

p—Ir+1=wh) =p.
Hence the trace of 4(v) on H? ([Z], [«]) is subject to the following inequalities
(p—Ir + Dhp < tr(hp(v) < phy.,

where h}. = rk(HP). This implies

ap = tr(hyp1) = tr(hp() < (p + DAET — (p—Ir + DAL = Iphl + (p + DR — b,

ay = tr(hy 1)) = tr(h, ) = (p + 2 — IR — phl = —(1r = 22T + p(h2T =02y

From these inequalities it follows
—2h* I < a, < 2h7%Ip, (12.44)
forp =0,...,Ir — 2, where
P = max{hﬁp =0,...,Ir — 1} .
This and the grading in (4.72) imply

L(Z). [a].v) € Grp([Z])(2hpe12), (12.45)

for all ([Z], [@],v) 67271. O
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The map Ld™ together with the orbit structure of the Infinite Grassmannian
imply the following.
Proposition 12.9. Let ' be an admissible, simple component of C"(L,d). Then
it determines a distinguished collection LO(T") of GFEI(O)-orbits of the Infinite

Grassmannian Gry. These are Gi_’,’el (0)-orbits intersecting the image of the map
Ld™ in Proposition 12.8.

Proof. By Proposition 12.8 the image of Ld is contained in the stratum Gry(nlr)
which is a Gi_fel(o)-stable, finite dimensional algebraic subvariety of Gr. If we

choose a base point [Z] € I, then, using the results and notation of §12.2, this
stratum can be written as follows

Gr1- (l’ll[‘) =T X(”l(f*[z])'pfgl)) Gl‘[z] (l’ll[‘) s

where Gryzj(nlr) is the corresponding stratum of Gryz], the Infinite Grassmannian

of SL(H°(O)), and p']’)",’” is the representation of the fundamental group in
2

Theorem 12.6. This implies that Gr (nlr) consists of Ggel(o)-orbits induced by
the representation pI;Z" from the SL(H°(Oz/))(0)-orbits of Gr(z)(nlr). It is known
that the latter set of orbits is finite. Hence Grp(nlr) consists of finitely many
foel(o)-orbits of Gry. The finite collection LO(I") of the corollary consists of

the orbits of Gr (nlr) having nonempty intersection with the image of the map
Ld ™. In view of Corollary 12.7 this collection can be described as follows:

LOT) =[] e ]xr,[z]/Wn[Z]‘ Opyr [\ LdH(Tx) # @} . (12.46)

|

We appeal now to the profound and beautiful geometric version of the Satake
isomorphism proved by Ginzburg in [Gi] and Mirkovi¢ and Vilonen in [M-V]. In our
case their result says that the tensor category P (Gr) of SL/ (0)-equivariant perverse
sheaves on the Infinite Grassmannian Gr of SL/ (C) is equivalent to the tensor
category RepLSLdl,ﬂ () of finite dimensional representations of the Langlands dual

group LSLdE O (= PGLdE (©)) of SLdf (C). Combining this with Proposition 12.9
we obtain the following result stated as Theorem 1.8 in the Introduction.

Proposition 12.10. Ler V(X; L,d) be the collection of admissible simple com-
ponents as in Theorem 11.5. Then every I in V(X; L,d) determines the finite
collection *R(T") of irreducible representations of the Langlands dual group
LSLd[g (C) = PGLy. (C). Furthermore, upon a choice of a base point [Z] in T

4See [P-S], Ch8, or [Gi], Proposition 1.2.2.
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the set “ R(T) is identified, via geometric Satake isomorphism, with the set LO(T")
in Proposition 12.9 (see (12.47) below for the precise relation).

Proof. Once a base point [Z] € T is fixed, Corollary 12.7 says that the lattice
of coweights Ap[z] of sl(H°(Oz)) factored out by the action of its Weyl group
W 1z parametrizes the SL(H°(Oz/))(0)-orbits of the Infinite Grassmannian Gr(z)
of SL(H°(Oy)) as well as foel(o)-orbits of the Infinite Grassmannian Gry .

Let 0[1] be the SL(H°(Oz))(0)-orbit of Grz] corresponding to the coset
[i] € ]\r,[z]/Wp,[Z] of a coweight X in ]\p’[z]. Let IC(Om, C) be the Intersection
cohomology complex of Deligne-Goresky-MacPherson corresponding to the trivial
local system C on 0[1]. This is a complex supported on the closure 6[1] of 0[1]
in Gryz). Denote by /C (0[11) its extension by zero to the whole of Gr(z. This is
an SL(H"(O2))(0)-equivariant perverse sheaf on Griz and the geometric Satake
isomorphism sends it to the object denoted V[A] of the category Repigy 100,y Of

finite dimensional representations of the Langlands dual group ‘SL(H°(0/)) of
SL(H°(Oz)). Thus setting

LR(T) = {Vm‘ e LO(F)} , (12.47)

where LO(I") is as in Proposition 12.9, yields the assertion. O

The geometric Satake isomorphism of Ginzburg, Mirkovi¢ and Vilonen, also tells
us that the functor sending the perverse sheaf /C (0 ) to the object V of the
category Repigy, o0, i the hypercohomology functor ie. Vk] is 1som0rphic
to H®(I C(Om)), the hypercohomology of the bounded constructible complex
of sheaves 1C (Om). We will show now that in our relative version the functor

produces local systems on f‘, forevery I' € V(X; L,d). 5
Let I' be a component of V(X;L,d). Fix a base point [Z] € I and let

A be a coweight in Kr,[z]. Then the description of the orbit 0[11 r in Corol-

lary 12.7, (12.36), implies that H'(IC(O[X]’[Z])) is a m (f‘, [Z])-module. Namely,

loop =+

the representation Py, in (12.36) induces the representation

H* (o) - (1, [Z]) — Aur (H‘(IC(Om[Z]))) . (12.48)

This representation gives rise to the local system on I" which will be denoted L' ik

LetIC (F ﬁ' ) be the Intersection cohomology complex of Deligne-Goresky-
MacPherson and let 73' be its extension by zero to the entire Hilbert scheme. Thus
forevery I' in V(X; L d ) we obtained a distinguished collection

PI) = { ] e LO(F)} (12.49)

of perverse sheaves on X! parametrized by the set LO(T") in (12.46).
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Taking the union of these collections as I" runs through V(X; L, d), we obtain
the collection 5 5
Px:L.d)= |J PO). (12.50)

reV(X;L.d)

Repeating the same construction as in §11.4, yields the collection C (X:L,d)of
irreducible perverse sheaves Cvnm’g on X indexed by I' € V(X:L.d), [)vk] €
LO(I") and irreducible m;(I",[Z])-submodules ¢ of H.(IC(O[Z],[Z])) in the
representation H '(pZZ” ) in (12.48).

5 Similar to §11.4, we use the collection ¢ (X; L, d) to define the abelian category
A(X; L,d). This is the full abelian subcategory of D’ (X [“l) whose objects are iso-

morphic to finite direct sums of complexes of the form C[n], where C € C (X;L,d)
andn € Z.

Definition 12.11. 1) The perverse sheaves in C (X;L,d) are called irreducible
non-abelian coweights of J(X; L, d).

2) The abelian category A(X; L, d) is called the category of non-abelian coweights
of J(X;L,d).
As in Theorem 11.16 we can relate J(X; L, d) with Ax: L, d) via the “expo-

nential integration” of relative 1-formson J (X; L,d) = J(X;L,d)\ O (X; L,d).

Theorem 12.12. Let fvl(X; L,d) be the category of non-abelian coweights of
J(X; L,d) (see Definition 12.11). Then there is a natural map

exp (/) c HO(T* ) — A(X:L.d). (12.51)
J(X;L.d)/X1d)
where 1.* is the relative cotangent sheafofj (X:L.d) over X',
J(X;L.d)/X 1]
Proof. Let w be a global section of 7.* . Forevery I" in V(X; L,d), let
J(X;L,d)/ X1

wr be the restriction of w to j[‘. By Remark 11.15, (11.64), we have a natural
isomorphism
0 ~ HO(TZ .
HO(T; ) = HO(T;, )

Let Or be the section of 7y /i corresponding to wr under the above isomorphism.
We view Or as the corresponding morphism

Or - Jr — Tj, ¢ (12.52)

of I'-schemes. At this stage we recall that the map Ld ™ in Proposition 12.8 is

defined only on the complement of the linear stratum Tj([;;z) in (9.4). So we
r

distinguish two cases.
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. J (Ir—2)
Casel: 6r(Jr) C Tir/f“ . )
In this case we send wr to the zero object of A(X; L, d), i.e. we define
Case 2: Gr(jp) oA =2,

exp (/) (wr) =0. (12.53)
r
Jr/T

In this case there is non-empty Zariski open subset U of J such that 0 (U) is

contained in 7231, /i the complement of T;{{;;Z) in Tjr I Composing 6r with
Ld™ yields the map
Ldtob6r:U— Grp.

Set LO(T", 0r) to be the collection of orbits of Gr~ intersecting Ld * 0 6r(U).
This is a subset of LO(I") in Proposition 12.9. Using the identification in (12.46)

we set
exp (/F) @)= P Pri (12.54)

[A]leLO(T.0r)

where 731: 0 are perverse sheaves from the the collection 75(1“) in (12.49). Combin-
ing the definitions (12.53) and (12.54) we define

eir([Jor= @ ewr([)wn

FeV(X;L.d)

|

It is plausible that the categories A(X:L,d) and A(X: L,d) are functorially
related. Such hypothetical functors could be viewed as a manifestation of the
Langlands duality for surfaces. This and other issues concerning these categories
are topics for future investigations.
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